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CHAPTER 1. INTRODUCTION 
A mechanism is a mechanical device that has a purpose of 
transferring motion and/or a force from a source to an output. A 
linkage consists of links or bars (generally considered rigid) whxch 
are connected by joints to form open or closed loops. A four-bar 
linkage is the simplest closed loop linkage and has three moving 
links, one fixed link and four pin joints (Figure 1.1). Planar 
rigid-body motion consists of rotation about an axis perpendicular 
to the plane of motion and translation where all points in a body 
move along identical straight paths. All points embedded in a body 
remain parallel to their original orientation. 
Approaches for the synthesis of four-bar planar mechanisms 
address the transformation of input motion to an output (e.g. a 
desired function, path and/or motion) through the use of pivots, 
links and pin joints. Current synthesis techniques cover a broad 
range from documented displacement paths and velocities [Hrones & 
Nelson, 1951], graphical methods [Sandor, 1962][Lindholm, 1969] 
[Hain, 1967], analytical techniques using precision points [Sandor 
and Erdman, 1991] [Freudenstein, 1955], analytical techniques using 
initial estimates of the type and configuration of a mechanism 
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Trace Point 
Pin Joint 
Ground Pivot 
Rigid links 
rrr 
Figure 1.1: Four-bar mechanism 
[Subbian,1990], and techniques using Fourier descriptors and global 
search methods [Kota and Ullah, 1997]. 
This work deals with the * synthesis" of four-bar linkage 
mechanisms that have planar rigid-body motion. Hrones and Nelson 
[1951] characterized the four-bar linkage as "one of the simplest 
mechanisms and indeed may be regarded as a basic mechanism." The 
kinematic "synthesis" design problem is focused on the study of the 
relative motion of the linkage and does not take into account the 
other two major siib-branches of solid mechanics: statics (the study 
of forces and moments separate from motion) and kinetics (the study 
of action of forces) . ECinematic "analysis" of a particular 
mechanism is based on an evaluation of a defined mechanism's 
3 
geometry while kinematic "synthesis" is the process of designing a 
mechanism to accomplish a desired task. Sandor and Erdman [1991] 
describe kinematic "analysis" as determining the performance of a 
given mechanism and kinematic "synthesis" as dealing with the 
systematic design of a mechanism for a given performance. With 
"Type Synthesis" the first part of the process is to determine the 
"type" of mechanism to address the required performance [Titus, 
Erdman and Riley, 1989]. The type of a mechanism may be a cam and 
follower, a gear train, or a linkage. Determining the type of a 
mechanism involves defining the number of links and the degrees of 
freedom. The second part of the synthesis process is related to 
dimensional synthesis of the mechanism. Based upon the defined type 
of a linkage (four-bar linkage, slider-crank, cam with roller 
follower), dimensional synthesis defines the dimensions and the 
starting point of the mechanism. Specifically this determines the 
link lengths, pivot distances, angles, gear ratios, cam dimensions, 
etc. 
The design or synthesis of mechanisms has typically been 
focused on solving three different functional tasks or requirements: 
1) Function Generation: where the functional requirement is 
the relative motion between links, which are generally 
connected to ground pivots (Figure 1.2), or where a specific 
input position will result in a specific output position; 
4 
g(c) 
Follower 
Crank 
Figure 1.2: Function generation 
2) Path Generation: where the functional requirement is the 
output path of a trace point, which is typically on a coupler 
link (Figure 1.3); 
3) Motion Generation: where the functional requirement is the 
entire motion, path and angle, of a trace point on a coupler 
link (Figure 1.4). 
The motion or path of a trace point on a coupling link can be 
expressed as a function of the dimensions of the mechanism and the 
angle of the input link (Figure 1.5). 
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Figure 1.3: Path generation 
Path = F(r, DCA) [1.1] 
Where: 
r = ( Xo, Yo, DC, CR, FC, GP, TP, CPA, TPA) 
DCA = Drive Crank Angle 
Where; 
Xo = X Position of Drive Crank Pivot 
Yo = Y Position of Drive Crank Pivot 
DC = Drive Crank Length 
CR = Connecting Rod Length 
6 
Trace Point Path 
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B2 
Figure 1.4: Motion generation 
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DC FCA 
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Global Origin Xo 
Figure 1.5: Four-bar mechanism variables 
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FC = Follower Crank Length 
GP = Ground Pivot Length 
TP = Trace Point Length 
GPA = Ground Pivot Angle 
TPA = Trace Point Angle 
The following angles may easily be derived during the analysis and 
description of the position and motion of the four-bar mechanism. 
The angles will over constrain the mechanism if defined with the 
previously listed variables. 
CRA = Connecting Rod Angle 
FCA = Follower Crank Angle 
The connecting rod angle is always used in conjunction with the body 
path to fully describe motion generation. The follower crank angle 
is always used to fully describe the output for function generation. 
For planar motion there are three independent variables (or 
three degrees of freedom) associated with each link in a plane: 
these can be taken as the X position of the center of gravity, the Y 
position of the center of gravity, and the angle of the link. A 
pin, or revolute joint, is located at the end of each link. A pin 
joint is a lower pair connector where each pin removes two degrees 
of freedom of relative motion between successive links. The degrees 
of freedom of a mechanism is the number of independent inputs 
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required to determine the position of all the links of the mechanism 
with respect to ground. The degrees of freedom of a four bar 
linkage with four pin joints can be found by applying Kutzbach 
Criterion: 
DOF = 3(n-l) - 2*fl - f2 [1.2] 
Where: 
DOF = Degrees of Freedom of the mechanism; 
n = Number of links, 
fl = Sum of the number of pin joints plus the number of 
slider joints or pure rolling joints, 
f2 = Number of roll-slide joints 
Therefore, the degrees of freedom of a four-bar planar mechanism is: 
DOF = 3(3-1) -2-4-0=1 [1.3] 
The importance of having one degree of freedom is that by 
defining the motion of one of the links, which is typically a link 
attached to ground (i.e. the drive crank) driven by a device (e.g. 
motor, solenoid, hydraulic cylinder, etc.), the motion of the entire 
mechanism is defined. 
When synthesizing mechanisms, the output function, path, or 
motion is of interest based upon a specified input. A mechanism is 
then sought to produce the desired motion with optimization focused 
9 
on various aspects of the mechanism (drive angle, ground or mounting 
locations, drive configuration and type, etc.). 
Resecurch Goals 
This work presents an approach for the synthesis of four-bar 
planar mechanisms for function, path, and motion generation based 
upon the use of invariant descriptors and local database generation 
and search methods. 
Transformation and descriptor methods are used to characterize 
the output of four-bar planar mechanisms (function, path or motion) 
and to store the invariant characteristic information in a database. 
Spatial transforms, one-dimensional Fourier transforms, cwo-
dimensional Fourier transforms, and invariant moments are used to 
generate invariant characteristic descriptors. The resulting 
characteristic information for each curve is invariant regardless of 
the rotation, translation, or scaling of the curves. A description 
of each method and the relative performance of file development and 
search methods are developed. Over 8,000 function, path, and motion 
solutions are generated for global search solutions for each 
transform and descriptor method. The function, path, and motion 
solutions are based on the solutions developed by Hrones and Nelson 
[1951] and on the implementation of a random search of a local 
design space. Solution comparison and matching techniques are 
discussed and implemented, which evaluate the deviation of a 
candidate curve to curves stored in a database. 
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A merhodology is developed to allow the designer to 
investigate a local design space by generating a database of 
candidate solutions based on the random development of four-bar 
mechanisms. The designer may then define a desired solution and 
search the generated candidate solution files. This technique 
supports the evaluation of a local solution space, and generation, 
characterization, and identification of candidate mechanisms that 
may be practical to implement. After the identification of 
candidate mechanisms, local optimization techniques may be used with 
candidate mechanxsms. 
Dissert:at:lon Organization 
An overview of four-bar mechanisms, the different types of 
four-bar mechanisms, and common design considerations are contained 
in Chapter 2. 
The third chapter of the dissertation presents a literature 
review. The review is focused on synthesis techniques of four-bar 
mechanisms for function, path, and motion generation. 
Details regarding the characterization of solutions for 
function, path, and motion generation for four-bar mechanisms is 
contained in Chapter 4. 
Details regarding solution comparison and matching methods of 
a desired solution with solutions stored in a database are contained 
in Chapter 5. 
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Details regarding the implementation and performance of the 
synthesis of four-bar mechanisms for function generation using 
invariant characterizations, storage, and search methods are 
contained in Chapter 6. 
Details regarding the implementation and performance of the 
synthesis of four-bar mechanisms for path generation using invariant 
characterizations, storage, and search methods are contained in 
Chapter 7. 
Details regarding the implementation and performance of the 
synthesis of four-bar mechanisms for motion generation using 
invariant characterizations, storage, and search methods are 
contained in Chapter 8. 
Chapter 9 contains details regarding the generation of desired 
solutions by a designer through the use of parametric cubic splines 
and B-splines. 
Chapter 10 contains a methodology for the development of a 
database of candidate solutions for a local design space based on 
the random generation and refinement of system variables for four-
bar mechanisms. 
Chapter 11 contains the conclusions and recommendations for 
future work. 
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CHAPTER 2. THE FOUR-BAR MECHANISM 
The four-bar mechanism is a connection of four rigid "link" 
members that are pin-connected to each other. In many applications 
one of the links is stationary. This link typically is assumed to 
be fixed to the ground and each end of that link is called a ''ground 
pivot". A second link attached to one of the ground pivots is 
typically the drive crank. The drive crank establishes an interface 
for the four-bar linkage to an external power source. The power 
source may be a linear actuator, such as a hydraulic cylinder, a 
linear solenoid, or possibly a rotary actuator such as an electric 
motor, hydraulic motor, stepping motor, etc. Each link in the four-
bar mechanism is a solid body and usually considered a rigid body. 
Various classes of four-bar mechanism may be defined based on 
the input crank motion and the follower crank response: crank and 
rocker mechanism, drag link mechanism and a double rocker mechanism. 
A crank-rocker mechanism is one where the drive crank can make 
a complete revolution while the follower crank can only oscillate 
through a limited range (Figure 2.1). The forward and return stroke 
of the end of the follower crank does not necessarily correspond to 
equal angular rotations of the drive crank. The criteria for this 
class of operation is; 
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1) The drive crank must be the shortest length 
2) GPD < CR + FC - DC 
3) GPD > ICR - FCI + DC 
Where: 
GPD = Ground Pivot Distance 
CR = Connecting Rod Length 
FC = Follower Crank Length 
DC = Drive Crank Length 
/ \ 
Crank 
/ 
/ 
\ 
r7777777ryrr 
/ 
Figure 2.1: Crank-rocker four-bar mechanism 
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A double-crank or drag-link mechanism is where both cranks are 
capable of rotating through a complete 360 degrees of angular 
rotation (Figure 2.2). A uniform rotation of the drive crank 
typically produces a non-uniform rotation of the follower crank. 
The criteria for this class of operation is: 
1) The ground pivot distance must be the shortest link 
2) GPD < CR + FC - DC [2.3] 
3) GPR > ICR - FCI + DR [2.4] 
Figure 2.2: Double-crank four-bar mechanism 
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A double-rccker mechanism is where both cranks can oscillate, 
but neither can rotate through a complete revolution (Figure 2.31. 
The criteria for this class of operation is: 
1) The connecting rod is the shortest link 
2) GPD > CR + FC - DC [2.5] 
3) GPR < ICR - FC| + DR [2.6] 
Crank 
Figure 2.3: Double-rocker four-bar mechanism 
All three type of mechanisms can be obtained as inversions of 
the same linkage (change the link considered to contain the ground 
pivots) as long as the sum of the lengths of the shortest and 
longest link is less than the other two (Grashof's rule). 
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Crank-rocker: shortest link is the drive crank 
Drag-link: Shortest link contains the ground pivots 
Double-Rocker: shortest link is the connecting rod. 
In the event that Grashof s rule is not satisfied, no matter the 
configuration of links, only a double-rocker mechanism with 
oscillating couplers is attained. 
Mechanisms that approach the limits of Grashof s rule 
generally do not operate well in practice. One example of a four-
bar mechanism that demonstrates this is the parallel-crank (Figure 
2.4) . 
/ 
\ 
Crank 
\ 
\ / 
A 
I 1 
\ / 
A 
\ 
\ 
/ 
/ 
Figure 2.4: Parallel-crank four-bar mechanism 
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With this mechanism the drive crank and follower crank are the 
same length and the connecting rod and the ground pivots are the 
same length. The drive crank and the follower crank will always 
have the same angular velocity. There are two positions in the 
cycle when the system is not constrained: when the follower link, 
the drive crank and the connecting rod are co-linear. At these two 
positions, called dead points or dead center, the follower could 
begin to rotate in a direction opposite to that of the drive crank. 
Inertia, springs, or gravity usually prevent the reversal at the 
dead point. 
One measure to evaluate the acceptability of a four-bar 
mechanism is with respect to the transmission angle. The 
transmission angle is the angle between the connecting rod and the 
output link (Figure 2.5). 
Transmission 
Angle 
Crank 
Figure 2.5: Four-bar mechanism transmission angle 
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H. Alt [1932] first suggested the use of the transmission angle as a 
quality index for the transmission of motion. Alt recommended a 
minimum of 40° (maximum 140°) for low-speed and 50° (maximum 130°' 
for high-speed applications. For crank-rocker four-bar mechanisms, 
the minimum and maximum angles occur when the drive crank is in line 
With the ground pivot link (Figure 2.6). For the transmission of 
forces, an optimum angle would be a transmission angle of 90°, while 
a transmission angle of 0° would be incapable of transmitting a 
drive force. 
TA 
Crank 
"TT 
Figure 2.6: Four-bar mechanism minimum transmission angle 
For a specific four-bar mechanism, the linkage can be 
assembled in two configurations (Figure 2.7). The choice between 
the two configurations is made when the mechanism is closed, and 
thus the configurations are called "closures". 
The choice between the two mechanisms is made based on the 
alignment of the connecting rod and the follower crank. Grashof's 
rule applies to each four-bar mechanism. 
Cognate mechanisms are two or more mechanisms that give the 
same motion of a point or link. The cognate for a trace point of 
four-bar mechanism is asserted to exist in the Roberts-Chebyshev 
Figure 2.7: Closures of a four-bar mechanism 
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theorem. A cognate may be found by following the following 
procedure for a four-bar linkage with a trace point (Figure 2.8): 
- Construct parallelograms A-B-TP-A: and D-C-TP-D; 
- Construct triangles A-.-P-C; and D;-P-C: 
- Construct parallelogram TP-C-.-Ci-C; 
C3 
C2 
A1 
Crank 
D2 
"TT-
Figure 2.8: Cognates of a four-bar mechanism 
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The cognate of the original four-bar linkage are A-A-.-C-.-C; and 
3-B:-C--C3. In each case TP is the trace point. If A-B is the drive 
crank in the four-bar linkage, the right hand cognate will generate 
the same timing on the trace point if C3C2 is used as the drive 
crank and driven at the same speed. The other cognate will produce 
the same trace point path but will not have similar timing. 
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CHAPTER 3. LITERATURE REVIEW 
The literature review accomplxshed in this dissertation is 
focused on an understanding of the established techniques for the 
synthesis of four-bar mechanisms. The synthesis techniques may 
address function, path, and motion generation or may be specific to 
one of the three types of solutions. The techniques include graphed 
solutions, graphical synthesis, analytical synthesis, and numerical 
synthesis. A focus of the literature review is also to identify 
prior work in the area related to four-bar mechanism solution 
characterization, search, and storage techniques. 
Synthesis Techniques 
Graphed Displacemen'k Paths 
John A. Hrones and George L. Nelson authored "Analysis of the 
Four-Bar Linkage - Its Application to the Synthesis of Mechanisms" 
in 1951. The information published represented an "exhaustive 
survey of the displacement and velocity characteristics of a four-
bar linkage in the range of operation where the driving crank makes 
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a complete revolution while the follower crank oscillates" (ie. 
crank rocker four-bar mechanism) . The focus of the publication was 
to make available, in a readily usable form, information chat would 
allow the designer to "rapidly synthesize" a linkage to do a 
specific task. The publication documented over 7,000 displacement 
paths and velocities at 72 equal intervals of drive crank angles 
along each solution path. The authors stated that the publication 
represented about 500,000 solutions and bracketed the complete 
displacement and velocity performance of the four-bar linkage where 
the driving crank makes a complete revolution while the follower 
crank oscillates (crank rocker mechanism). In addition, the authors 
stated by rapidly looking through the pages the designer can "in a 
few minutes" determine the basic dimensions of the four-bar linkage 
that meet a set of requirements, provided that the requirements can 
be satisfied by the linkage. The publication contained 730 pages of 
graphed solutions. Each page contained eight to ten curve solutions 
with a graphical representation of the four-bar mechanism. 
Figure 3.1 is a similar graphed solution where the length of 
the drive crank is 1.0 unit (a default value), the length of the 
connecting rod is 1.5 units, the length of the follower crank is 1.5 
units, and the length between the ground pivots is 1.5 units. 
Hrones and Nelson [1951] established a grid relative to the 
connecting rod to establish a set of "Trace Points", which were used 
to generate candidate solution curves. The grid was assumed to be 
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Mechanism and Trace Curves 
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Figure 3.1: Example page from "Analysis of the Four Bar Linkage" 
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fixed relative to the connecting rod as the four-bar crank rotated 
through a coitplete revolution. Conplete rotation of the drive crank 
produced a closed curve for each trace point within the grid. 
Figure 3.2 is an example of the grid and contains a line of eight 
trace points parallel to the connecting rod. The line was then 
replicated in five rows. Each row of trace curves was used to 
generate one page in the publication. Therefore, by establishing 
the length of the drive crank (default of 1.0 unit), the connecting 
rod, the follower crank and the distance between the ground pivots 
generated five pages in the publication. For the example mechanism 
in Figure 3.1, there would be a total of 38 candidate solution 
curves generated. A candidate solution curve was not generated at 
the end of the drive crank and at the end of the follower crank. 
The curve generated at the end of the drive crank would be a circle, 
and an arc would be generated at the end of the follower crank. 
Each trace curve consisted of 72 dashes that corresponded to a 
displacement of the point for a 5-degree angular displacement of the 
drive crank. The authors describe that the trace point acceleration 
could then be "rapidly" obtained by subtracting vectorially one dash 
length from an adjacent one and dividing by the square of the time 
required for the drive crank to rotate through 5 degrees. 
Since the charts were generated with the drive crank at a unit 
length, changing all the links with a specific ratio would not alter 
the motion characteristic of the mechanism but would only generate a 
scale change. In cases where linkages shown in the chart bracket 
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Figure 3.2: Example of a grid configuration fixed to connecting rod 
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the desired curve characteristics, the authors suggested that models 
whose ratios lie intermediate between the bracketing linkages could 
be built from cardboard or sheet aluminum and their behavior 
studied. 
Graphical Synthesis 
Graphical synthesis may be used to synthesize a four-bar 
linkage to move a body through two specified positions at specified 
angles (motion generation). Two points are established in the 
translated body. A line segment is constructed which connects each 
point at the two specified positions. The rotocenter of the body is 
then found graphically by establishing the normal bisectors of the 
two line segments and identifying where the normal bisectors cross 
(Figure 3.3). Two fixed pivots may be established anywhere along 
the two normal bisectors to define a four-bar linkage which will 
move a body through the two positions at the prescribed angles. 
Thus, an infinite number of four-bar mechanisms may be defined which 
produce a solution. If a pivot is capable of being established at 
the rotocenter of the body, a rigid body that pivots at the 
rotocenter may be used as a solution. 
Graphical synthesis may be used to synthesize a four-bar 
linkage to move a body through three specified positions at 
specified angles (motion generation). With three positions, the two 
ground pivot points are defined by the intersection o£ the normal 
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bisectors generated between defined positions 1 and 2 and defined 
positions 3 and 4 (Figure 3.4). If one assumes that; the pivot 
points in the moving body are capable of being placed at any 
location in the body, there exists an infinite number of grouna 
pivot locations that may be established. 
Graphical synthesis may be used to synthesize a path 
generation four-bar linkage for three prescribed positions (Path 
Generation). The pivot points Ao and Bo are free choices lefr to 
the designer to select (Figure 3.5). In addition, the lengrh of the 
drive crank and the distance from the end of the drive crank ro the 
trace point is arbitrary and defined by the designer. The ground 
pivots are selected and a circle generated about the drive crank 
pivot at the desired length of the ground pivot. An arc is scribed 
from the first prescribed point to intersect with the scribed drive 
crank circle. The intersection is one end of the connecting rod 
that attaches to the drive crank (Al). This distance Pl-Al is then 
scribed from P2 and P3 to the drive crank circle (define A2 and A3). 
The drive crank length is then scribed about point Al and angles P2-
Al-AO and P3-A1-A0 marked about Al; AO' and AO'' are thus defined on 
the circle scribed about Al. An arc is scribed about PI with the 
length of P2-B0 and an arc is scribed from AO' with the length of 
AO-BO; the intersection is labeled BO'. An arc is scribed about PI 
with the length of P3-B0 and an arc is scribed from AO'' with the 
length of AO-BO; the intersection is labeled BO''. The intersection 
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91 
PI 
Normal Biasctor 
Figure 3.3: Graphical synthesis - two position motion generation 
Qi 
P3 PI 
Figure 3.4: Graphical synthesis - three position motion generation 
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Figure 3.5: Graphical synthesis - three position path generation 
of the perpendicular bisection of BO-BO' and BO' and BO'' is one end 
of the connecting rod. 
We have discussed "motion" generation for a body through two 
prescribed positions and three prescribed positions and *path" 
generation for a body through three prescribed points. J. 
Hirschhorn [1962] in "Kinematics and Dynamics of Plane Mechanisms" 
reviews graphical methods for the synthesis of four-bar mechanisms 
in depth. Graphical methods discussed are "motion" generation for a 
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body through four distinct points, "function" generation for a body 
with up to five precision positions, and "path" generation for a 
body with up to six point positions. A graphical "overlay" method 
is also discussed, which is a trial-and-error procedure for function 
generation that yields a generated output based upon a tolerance 
band throughout the range of the mechanism; precision points are net 
used. Sandor and Erdman [1991] detail a graphical procedure for 
addressing "path" generation with prescribed timing for three 
prescribed positions. 
With regards to "function" generation using a four-bar 
linkage, the use of precision points defines the position of the 
mechanism over a range of the function. Of interest is the 
"structural error", which is the difference between the function 
generated by the mechanisms and the desired function. Chebyshev 
[1961] ascertained that the best linkage approximation to a function 
occurs when the absolute value of the maximum structural error 
between precision points and at the ends of the range is equalized 
[Erdman & Sandor, 1991]. "Chebyshev spacing of precision points" is 
a analytical method used to identify the spacing of the precision 
points to minimize the structural error. The identified precision 
points are then used in a graphical synthesis process for generating 
the four-bar linkage. 
Graphical methods become more complex to implement as the 
number of precision points increase. The process is also time 
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consuming when iteration is required co explore different design 
variables. 
Analytical Synthesis 
One class of analytical synthesis relies on complex-
number modeling of the planar linkages as vector pairs called Dyads. 
Loop closure equations are derived by summing the vectors around the 
mechanism and by defining displacement vectors to prescribed 
positions the mechanism must pass through. As with the graphical 
method, one drawback in the generation of a solution is based upon a 
set number of specified points that are part of the desired coupler 
path. Depending on the number of prescribed positions, a series of 
equations is generated that must be simultaneously satisfied to 
reach a solution. As the number of prescribed positions increases, 
the designer is allowed fewer choices with regards to attributes of 
the four-bar linkage (e.g. mounting location, link angles, link 
length, etc). Closed form solutions can effectively be addressed 
for up to four precision points and solutions may be obtained for 
five precision points. For six up to nine precision points, non­
linear equations must be solved. Numerical methods, such as Newton-
Raphson, are used for the more complex mechanisms that do not have 
closed form solutions. Numerical methods used for precision point 
synthesis of mechanisms have two key limitations: 
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1) Convergence requires a relatively close estimate of a 
mechanism for the solutions, 
2) Numerical methods converge to a single solution that 
depends on the initial estimate and does not generate all the 
possible designs that satisfy the constraint equations. 
An analytical model of a four-bar mechanism provides the 
capability to apply mathematical techniques for synthesis of 
mechanisms. Sandor and Erdman [1991] apply complex-numbers as a 
tool for modeling linkage members of the four-bar mechanism. Each 
link in the mechanism is defined by a relative position vector Z< 
and is expressed as a complex number. The first position of a link 
may be written: 
Z< = Z<'e-®- = Z,(cose- + i*sin0-.) [3.1] 
Where: 
i = (-!)'•' 
k = kth bar of the mechanism 
Zic = IZicI = Length of link between pin joints 
01 = Angle measured to the axis of Zk from a fixed 
oriented rectangular coordinate system 
The four-bar mechanism may be viewed analytically as a combination 
of vector pairs, or dyads, which when added together form a closed 
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loop (Figure 3.6). Adding each of the link vectors together forms a 
loop closure equation: 
Zee ~~ Zqp 0 [3.2] 
or 
or 
Zcc'e-®^ + ZcR-'e-®^ - Zrc'e'®^ - ZGr^e-®"^' = C [3.3] 
Zoc^cosGnc + ZCR*COS6CF ~ Zctr^cosGrc " ZGF^COSGS? = 0 [3.4; 
ZDc*sin0r)c + Zcs^sinScp - Zrc^sinSr- - ZGF*sin6GF = 0 [3.5; 
7^7777777777 
777777777777 
Figure 3.6: Dyads forming a closed loop 
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Where: 
ZDC = Drive crank vector 
Zcp, = Connecting rod vector 
Zsn = Follower crank vector 
ZG? = Ground pivot vector 
The known variables are Zxi ZCR, ZGF, 6G? and 9DC. The unknown 
variables are 0CT and ©n:- Since there are two equations created by 
the closed loop equation (real and imaginary parts must equal zero) 
the unknown variables may be expressed as the following: 
0CR = 4' +/- acos L(ZFC' - L' - ZCR^)/2*L*ZCR] [3.6] 
Grc = atan [ (L^sin^' + ZcR^sinScR)/L*cosT + Zch*cos6cr] [3.7] 
Where: 
= atan [ (ZDc*sin0Dc) / (ZDC*COS0DC -  ZGP) ] 
L = (Zdc' -2*ZGF*ZCC* COSGDC + ZGF')''' 
With these variables expressed as a function of known variables, an 
equation may be developed to identify the position of the trace 
point on a coupler link (Figure 1.5): 
R — ZDC + ZCR + Z^P 
Rx = ZDC*COS0DC + Zcr''COS0CH + ZTP*COS (18O-0T?) 
[3.8] 
[3.9] 
36 
Ry = Zoc^sinBrx: Zcp'sinGc? ZT?*sin(180-0-p) : 3.10: 
Where: 
Rx = Horizontal position of trace point 
Ry = Vertical position of trace point 
The position of any point on the coupler link may be expressed as a 
function of known variables. These equations may be differentiated 
to obtain an expression for the velocity and acceleration of a 
coupler link point. 
For motion generation, these equations may be used to generate 
a four-bar mechanism [Erdman & Sandor, 1991]. When there are two 
positions that are specified, the position and the angle of a body 
is known. There are two scalar equations that may be solved (Figure 
3.7) : 
Zee + Zt? + 5- - Zoc'e'®- - = 0 [3.11] 
or 
ZDc(e'^- - 1) + ZTp(e"^' - 1) = 5- [3.12] 
Where; 
5, = Vector from position 1 to position 2 
Pj = Angle the drive crank rotates from position 1 
to position 2 
Oj = Angle the connecting rod rotates from position 
1 to position 2 
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Figure 3.7: Dyads used between twc positions 
Since the position and the angle of the body are specified for two 
positions, 5. and a- are known. There are five scalar unknowns: p,, 
ZDC/ and ZTP. Therefore, there are three of the scalar unknowns that 
the designer may specify. 
For 3 position motion generation there are four scalar 
equations and six scalar unknowns: Pi, P: ,Z[x:, and Z^p. Therefore, 
there are two of the scalar unknowns that the designer may specify. 
Table 3.1 shows a summary of positions, equations, and unknowns for 
motion generation. 
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Table 3.1: Summary of design considerations for motion generation 
Number of Number of Number of Number of 
Positions Scalar Eqns Scalar Unknowns Free Choices 
2 2 5 3 
3 4 6 2 
4 6 7 1 
5 8 8 C 
The maximum number of prescribed positions for motion 
generation of a four-bar mechanism, without over constraining the 
system, is five. The maximum number of prescribed positions for a 
linear solution for motion generation of a four-bar mechanism is 
three. 
For function generation for three prescribed positions, the 
following loop closure equation is developed for each position 
(Figure 3.8): 
Position 1: Zoc 
Position 2: Zoc' 
Position 3: ZQC'' 
+ ZcR + Zpc ~ ZG? -
Z^K' Zrr^' — Zqp — 
+ Zcs" + Zfc'  - ZGF 
0 [3.13] 
0 [3.14] 
= 0 [3.15] 
For function generation for three precision points, the angles which 
the drive crank and follower crank rotate are specified. Setting 
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Che length between the ground pivots equal to one unit and aligned 
with the real axis, the following set of equations is generated: 
Position 1: Zx ZCF Zrr =1 [3.16] 
Position 2: Zee' + Zcr' + Zrc' =1 [3.1"": 
Position 3: Zdc" + Zc-/' + Zrc'' =1 [3.18] 
DC 
'DC 
CR 
DC 
CR 
'DC 
CR 
DC 
DC 
Figure 3.8: Function generation - dyads at three positions 
There are eight unknowns: Z^, Zcr, Zfc/ Yi, and ya. The angle that 
the connecting rod travels between each precision point is y-., and 
Y2- There are six equations and the designer is allowed to specify 
two of the unknowns. Specifying ji, and y2 and applying Cramer's 
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rule supports a solution to the following set of equations for Z^zr 
ZcR/ and Zrc* 
ZDC ZcR Zfc ~1 = 0 (.'3-19^ 
Zoc'^ e-"' + Zcp^ e-* + Zrc^ e-*^  -1 = 0 [3.20] 
Zcc^ e'* + ZcB^ e-^  + Zrc^ e-"^  -1 = 0 [3.211 
For path generation, the angle of the body is not specified 
and therefore there are fewer constraints placed on the analytical 
solution when compared to motion generation. Table 3.2 shows a 
summary of positions, equations and unknowns for path generation. 
Table 3.2: Summary of design considerations for path generation 
Number of Number of Number of Number of 
Positions Scalar Eqns Scalar Unknowns Free Choices 
2 4 11 7 
3 8 14 6 
4 12 17 5 
5 16 20 4 
6 20 23 3 
7 24 26 2 
8 28 29 1 
9 32 32 0 
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Freudenstein [1955] developed an analytical method for 
designing a four-bar linkage to address function generation. 
Freudenstein's equation relates the crank angles and the lengths of 
the links for a 'iour-bar linkage. It may be written: 
Rl*cos (7t-DCA) - R2''cos (it-FCA) + R3 = cos(FCA-DCA) [3.221 
Where: 
R1 = GP/FC 
R2 = GP/DC 
R3 = (GP" + DC' + FC' - CRM / 2«DC*FC 
Freudenstein's equation may be used to design a four-bar 
mechanism that will generate a given function accurately at a set 
number of precision points and approximate the function between the 
precision points. The amount that the function differs from the 
desired function between the precision points is dependent on the 
number of precision points, the distance between the points, and the 
make-up of the desired functions. Up to five precision points may 
be addressed with this method. 
Kinematic synthesis may be addressed through several 
methods. Graphed displacement paths, graphical and analytical 
methods reviewed so far have been "classical" methods that have 
addressed the various types of four-bar mechanisms: function 
generation, path generation and motion generation. 
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Graphed displacement paths provide the designer with a visual 
understanding of a mechanism. Tools used for geometric or graphical 
synthesis methods provide the designer with a quick, straightforward 
method of design but have the drawback of only utilizing specified 
points on the entire required path. Analytical methods of synthesis 
are suitable for computer evaluation and optimization and have the 
advantages of repeatability, accuracy and computing power. 
Analytical synthesis offer techniques to optimize the design of a 
mechanism with respect to design constraints on ground and moving 
pivots, transmission angle, line-length ratios, and mechanical 
advantage. Analytic methods also have the capability to take 
velocity and acceleration equations into consideration. 
Four-Bar Path Generation by Optimal Synthesis Method 
Optimal synthesis methods are specialized techniques used for 
synthesizing mechanisms for path generation, and most techniques 
require an initial estimate of a mechanism design. The mechanism 
which generates a curve needs to be close to the desired required 
functional description of the path. From the initial guess, a curve 
is generated and the difference from the required curve is expressed 
as a function of the dimensions of the mechanism. Changing the 
mechanism's dimensions may have an effect of minimizing the 
function. The solution produces a mechanism design that generates a 
design curve with a minimum error to the required curve. Optimal 
synthesis techniques do not address curves that are identical in 
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shape but have different orientation, translation and rotation, and 
scaling (Figure 3.9) to a world axis. As with numerical techniques, 
convergence to a single solution depends on the initial estimate. 
Kota and Ullah [1997] defined an alternative procedure that 
compares purely the shape of two plane, closed curves while rakinc 
into account location, size, and orientation differences between the 
specified and the design curve. Fourier descriptors were introduced 
in the early I960's as a set of numbers that embody rhe shape of a 
function and were utilized by Kota and Ullah [1997] co evaluate 
curve shape deviations between a desired curve path and candidate 
curves. In defining Fourier Descriptors, a tangent to the curve is 
defined with respect to the positive x-axis (Figure 3.10). 
Desired Curve Coupler Curve 
TP^ 
CR 
FC 
FCA DC 
OCA 
GP 
CPA 
Figure 3.9: Desired curve path and a candidate curve solution 
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A ( 0 )  
Figure 3.10: Angle function of a plane, closed curve 
When the angle is expressed as a function of the arc length, 
it can be used to represent the shape of the curve. The effect of 
orientation is removed by defining the cumulative angular function 
as the net angular bend between the starting point and point n: 
P(n) =A(n) - A(0) [3.23] 
A variable change is then introduced to make the function 
independent of the total length of the curve L: 
t = 27cn/L [3.24] 
45 
Since the curve is simple, clockwise oriented and closed, it will 
have a net angular bend of -2K. A linearly increasing angle is 
added to the cumulative angular function to obtain tne cumulative 
angular deviant function that describes pure shape and is invariant 
under translation, rotations, and changes to the perimeter of the 
curve. 
P*(t) =P{Lt/27i:) + t t e {0,271} [3.25] 
As the curve is traced continuously, the cumulative angular deviant 
function repeats with a period of 2re and can therefore be expanded 
in a Fourier series. The cumulative angular deviant function, and 
therefore the Fourier descriptors, are invariant under rotation, 
translation, or scaling of the curve. Parker [1984] defines 
invariance as the property of a physical quantity of physical law of 
being unchanged by certain transformations or operations, such as 
reflection or spatial coordinates, time reversal, charge 
conjugation, rotations, or scale. 
The harmonic amplitudes in the Fourier descriptors are 
independent of the particular starting point used on the curve and 
the sense of the ciirve (clockwise or counterclockwise). To extract 
the shape information contained in phase angles while filtering out 
the effect of starting point, the following function is defined: 
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F<: = j*ait - k*a- [3.26] 
Where: 
j* = j/gcd(j,k) 
k* = k/gcd(j,k) 
gcd = denotes the greatest coiranon divisor. 
Zahn and Roskies [1972] showed that Fic^ are independent of the 
starting point on the curve. 
Given two plane, closed curves C and C with Fourier 
descriptors (A, a) and (A', a') respectively, an amplitude 
deviation, Ampdev, and an angle deviation, Angdev, were defined. 
Finally a Fourier Deviation function was defined as a combination of 
the amplitude and angle deviation; 
Where *m' and *n' are weighting parameters whose value can be 
changed to emphasize one or the other of the two component 
deviations. The authors validated the use of Fourier descriptors by 
considering a coupler curve Cd of a four-bar mechanism and varying 
the coupler angle from 0 to 2z in 20 steps. A comparison between 
the desired curve Cd and the twenty generated candidates or coupler 
curves was made by evaluating Fdev, Ampdev, and Angdev. In 
Fdev = m*Ampdev + n*Angdev [3.27] 
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calculating the deviations, the first 20 harmonics from the Fourier 
series were included. Examination of the plotted results showed 
that the Fourier deviation decreased as the shape of the candidate 
coupler curves became closer to the desired curve Cd and increased 
when Che shape became progressively unlike curve Cd. 
Optimal synthesis procedures usually employ local optimization 
algorithms, which converge to the local minimum nearest to the 
starting mechanism design. Therefore, the results of using such 
synthesis procedures are dependent on the initial starting design 
and the chance that the starting design is close to an optimum 
solution. There are two key features that are central to the 
approach proposed by Kota and Ullah [1997]: 
1) a curve shape is optimized separately from the size, 
orientation and location of the curve, and 
2) an effective objective function based on Fourier 
descriptors is used to evaluate curve shape deviation. 
Four-Bar Path Generation Synthesis by a Continuation Method 
Continuation methods foirm a family of mathematical procedures 
used to solve systems of equations that are nonlinear. The 
implementation of the system starts with a system of equations for 
which the solutions are known and then proceeds along a path towards 
the solutions of the original system. Subbian [1990], Wampler, 
Morgan and Sommese [1988], Freudenstien and Roth [1963], Flugrad and 
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Subbian [1991] have invesrigaced continuarion methods. Flugrad and 
Subbian demonstrated an approach for the synthesis of four-bar path 
generating mechanisms utilizing the continuation method. The 
procedure was outlined for a system of two equations with two 
unknowns by considering two polynomial equations: 
F1(Z1,22) = 0 [3.28] 
F2(Z1,22) = 0 [3.29] 
A simple system of two equations in two unknowns is considered to 
implement the method: 
G1 = Cll'zl^- - C12 = 0 [3.30] 
G2 = 021*22"- - C22 = 0 [3.31] 
The terms Cll, C12, C21, and C22 are randomly chosen complex 
constants, and dl and d2 are the degree of functions F1 and F2 
respectively. The process relies on homotopy functions that are 
utilized when combining the two systems of equations (Fl, F2, G1 and 
G2) : 
HKzl, z2, t) = t*Fl + (l-t)*Gl = 0 [3.32] 
H2(zl, z2, t) = t*F2 * (l-t)«G2 = 0 [3.33] 
The homotopy parameter is "t". When t = 0, the homotopy 
functions reduce to the simple set of equations. When t = 1, they 
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represent the original system. By increasing t from zero to one, 
and by solving the intermediate sub-problems along the way, the 
solutions for the original system are found. There are various ways 
to move a "t" value from 0 to 1. In the approach presented, basic 
differential equations are formed and ordinary differential 
equations involving the variables with respect to "c" are 
determined. The differential equations are integrated numerically 
to determine the solution for the given system of equations. The 
solution is refined using Newton's method. The procedure is 
repeated using all the combinations of solutions for the simple 
assumed equations as starting points. 
Vector pairs (dyads) represent a four-bar mechanism in 
finitely separated positions. The equations are transformed into 
polynomial form by treating Cos(©j) and Sin(©j) as two independent 
variables, C©j and S©j. Constraint equations are introduced to 
establish the relationship between sine and cosine. This process is 
also carried out for the angles defining the coupler curve and the 
non-drive ground pivot link. Development of the equations support 
the elimination of C0j, S© j, and the other angle variables. In 
the final analysis, a five-position path generation synthesis 
problem yields four equations with four complex "Z" variables 
involved. Therefore, a maximum number of precision points that may 
be solved for is nine. 
The system of equations for five positions will produce a 
maximum of 256 complex solutions, real solutions and/or solutions at 
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infinity. As the system has 256 combxnations of solutions, there 
are 256 paths and they proceed to all of the solutions of the 
original system with multiple paths converging toward repeated 
solutions. If the original system has solutions at infinity, parhs 
will diverge toward those solutions. Among the total number of 
solutions, real solutions are the only useful candidates. The 
solutions at infinity and complex solutions are not useful. 
The continuation method was demonstrated by Flugrad ana 
Subbian [1991] to systematically solve a five-position path 
generation problem. A four-bar mechanism was designed to pass 
through five precision points by applying the continuation method. 
A total of 256 real, complex and solutions at infinity were obtained 
from 256 starting points. Of the solutions, only 25 were real and 
eight of the 25 resulted in mechanisms that would be usable to solve 
the path generation problem. The application of the continuation 
method finds solutions to path generation where prescribed precision 
points are used. The method does not require a initial solution 
which is close to the final mechanism. 
Development: of an Algorithm for Mechanism Synthesis 
Rentz [1994] generated an algorithm for implementation on a 
Personal Computer that allows the engineer to sketch a mechanism on 
the screen with a mouse and the computer program uses the mechanism 
as the starting point for the design algorithm. Rentz [1994] uses 
the homotopy parameter to transform an original sketched mechanism 
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CO a synthesized mechanism. The transformation is accomplished by 
solving the position analysis problem of the original mechanism and 
using those values as a starting point for a solution path to a 
desired mechanism. 
The development of the algorithms was based on the use of the 
Newton-Raphson method of solving systems of nonlinear equations and 
applying ideas from continuation theory. The implementation of the 
Newton-Raphson method is associated with two underlying principles. 
The method is similar to minimizing a system of functions, but does 
not guarantee a global minimum; failure to find a global minimum may 
result in undesired roots. The second principle is that the 
functions must be continuous and differentiable. Both principles 
can lead to problems if large systems of equations are used. 
Continuation theoretically assures convergence without an initial 
estimate of the solution. However, the implementation of 
continuation to a complicated system is difficult, and following all 
possible solution paths can be time consuming. 
Rentz's [1994] work was concerned with the application of the 
homotopy parameter to track a single solution path from an original 
concept mechanism to a mechanism satisfying the constraints of the 
problem. The algorithm generated used Newton-Raphson so solve a 
system of equations using the solution at a previous "t" as the 
initial guess of the solution at the current "t". The homotopy 
parameter was applied to alleviate the problems associated with the 
initial guesses and the Newton-Raphson method. 
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The applicacion of the algorithm was applied to three-position 
function generation, three position path generation, and five 
position path generation problems. With three-position function 
generation, the algorithm was able to find an acceptable design for 
approximately 95^ of the cases attempted. The path generation 
problems resulted in systems of equations larger than the system 
used for function generation and limited the performance of the 
algorithm. For the three-position path generation problem, the 
algorithm was able to find acceptable solutions for 50-60% of the 
attempts made. For five-position path generation problem, the 
algorithm was only able to find one acceptable solution for one 
specific combination of equations and test mechanism. For all other 
combinations attempted, the algorithm either found an unacceptable 
solution or would not converge to a solution. The difficulties 
encountered with the three and five position path generation 
problems indicated the limited applications possible with the 
algorithm. 
Rentz's algorithm addressed synthesis of function and path 
generation mechanisms and was limited to the definition of precision 
points and an initial estimate of a mechanism design. 
Synthesis Limitations 
The techniques currently used for the synthesis of mechanisms 
to address function generation, path generation, and motion 
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generation are generally limited due to one or more of the 
following: 
• A synthesis process that requires the definition of the type of 
mechanism as a first step may not identify valid candidate 
solutions from the design process. 
• Individual Precision Points on the trace point path are required 
to be specified by the designer. The location of specific 
precision points may be critical to the function of the mechanism 
while other precision points may have less significance. 
• The number of precision points is limited based upon the 
synthesis technique used. A maximum of nine precision points may 
be defined on the output path; selecting a lower number of 
precision points provides more choices to the designer for 
selection of the mechanisms attributes such as pivot points, link 
lengths, and angles. 
• An initial guess of a mechanism that is *close" to a desired 
solution may be required so numerical techniques may find a local 
solution. 
• Kota and Ullah [1997] have addressed the synthesis of path 
generation mechanisms that generate closed path curves using 
Fourier descriptors. Synthesis for partial path curves, function 
generation and motion generation have not been addressed. 
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CHAPTER 4. SOLUTION REPRESENTATION 
Solutions for a four-bar mechanism have typically been 
represented in a documented form. Hrones and Nelson [1951] 
documented the paths of over 7,000 curves for a crank-rocker four-
bar mechanism. A desired solution is compared with documented 
candidate solutions, and the designer makes a visual comparison 
between desired and candidate solutions. Size, shape, and 
orientation must be addressed by the designer during the process of 
comparison. This process addresses path generation for a four-bar 
mechanism but does not address function or motion generation. 
Spatial Representation 
For a function generation four-bar mechanism, the output of 
the follower crank may be represented as a function of the input 
crank angle in several forms. One representation form would be to 
record the input and output angles as strings of data stored in a 
vector. Each position of the follower crank is recorded with each 
input crank angle (Table 4.1). Another form would be to record the 
data as a graph where the output angle of the follower crank is a 
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function of the input crank drive crank angle (Figure 4.1). To 
record the angular position of the drive crank and follower crank 
for each degree of rotation there would be 720 numbers stored or 
plotted. 
Table 4.1: Function generation - data string of input/ourput 
Drive Crank 0.00 1.00 2.00 3.00 4.00 5.00 6.00 "'.00 8 .00 
Angle, degrees 
Follower Crank 35.5 35.4 35.4 35.3 35.2 35 .0 34.8 34.6 34.3 
Angle, degrees 
40 
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Figure 4.1: Function generation - graph of input/output 
56 
For a path generation four-bar mechanism, the output of a 
trace point affixed to the connecting rod may be represented as a 
function of the input crank angle. One representation form would be 
to record the input angle and the output trace point position as 
strings of data stored in a vector. Each position of the trace 
point is recorded with each input crank angle (Table 4.2). To 
record the angular position of the drive crank and the spatial 
position of the follower crank for each degree of rotation there 
would be 1080 numbers stored. Another representation form would be 
to record the path of the trace point (Figure 3.1). In this simple 
two dimension plot of the trace point path, the information 
regarding the crank angle is not visible. In addition, the size, 
orientation, and position of the four-bar mechanism will affect the 
size, orientation, and position of the output path. 
Table 4.2: Path generation - data string of input/output 
Drive Crank 0.000 1.000 2.000 3.000 4.000 5.000 6.000 7.000 8.000 
Angle, degrees 
Trace Point 1.000 0.999 0.999 0.999 0.998 0.997 0.996 0.994 0.992 
Horizontal 
Position 
Trace Point 0.000 0.008 0.015 0.022 0.030 0.038 0.045 0.053 0.061 
Vertical 
Position 
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For a motion generation four-bar mechanism, the output of a 
trace point affixed to the connecting rod and the connecting rod 
angular displacement is of interest. Once again, a representation 
form would be to record the input angle, the output angle, and the 
trace point position as strings of data stored in a vector. Each 
position of the trace point, the angle of the connecting rod, and 
the input crank angle is recorded (Table 4.3). To record this 
information for each degree of rotation of the drive crank would 
require 14 60 numbers. Another representation form would be to 
record the path of the trace point in one graph and the angle of che 
connecting rod in a second graph. Another representation form would 
be to record the path of the trace point in one graph and the angle 
of the connecting rod in the 3^° dimension, or z axis, of the trace 
point plot. Once again, the size, orientation, and position of the 
four-bar mechanism will affect the size, orientation, and position 
of the output path. 
Table 4.3: Motion generation - data string of input/output 
Drive Crank 0.000 1.000 2.000 3.000 4.000 5.000 6.000 7.000 8.000 
Angle, degrees 
Trace Point 1.000 0.999 0.999 0.999 0.998 0.996 0.996 0.994 0.992 
Horizontal 
Position 
Trace Point 0.000 0.008 0.015 0.022 0.030 0.038 0.046 0.053 0.061 
Vertical 
Position 
Trace Point 35.47 35.44 35.38 35.28 35.16 34.99 34.79 34.55 34.27 
Angle, degrees 
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There are coinmon characteristics for the input and output of 
function, path, and motion generation four-bar mechanisms. The 
input and output angles and paths repeat themselves as the input 
drive is taken through a complete cycle. For a crank-rocker and a 
double-crank, the output trace points form closed curves and the 
motion of the connecting rod and follower crank are repeated as the 
drive crank is taken though each complete cycle. For a double-
rocker mechanism, the input drive crank and output follower crank 
are discontinuous at the limits of the drive crank angular motion. 
With these characteristics in mind, representation methods must 
address the description, and encoding techniques should be able to 
address one, two, or three dimensions. 
Fourier Transforms 
One, two, and three-dimensional Fourier transforms may be used 
for encoding, restoration, and descriptive information related to a 
four-bar mechanism. The one dimensional Fourier transform of a 
function f(x) is denoted by F(f(x)) and is defined by [Gonzalez, 
1977]: 
3(f(x)) = F(u) = J f (X) exp (-j*27:''u*x) dx [4.1] 
Where: 
j = 
X = real variable 
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u = Frequency variable 
F(u) = Fourier transform of f(x) 
The function f(x) is considered to be in the spatial domain and Fiu; 
to be in the frequency domain. If F(u) is known, then f(xi may be 
obtained by using the inverse Fourier transform: 
If f(x) is a real function, then the Fourier transform of f(x) is 
generally complex: 
Where: 
R(u) = Real component of the Fourier transform 
I(u) = Imaginary component of the Fourier transform 
The Fourier spectrum of f{x) is the magnitude of F(u) which is equal 
to: 
3""(F(u)) = f (X) = I F (u) exp {j *2Jt*u''x) du [4.2] 
F(u) = R(u) + j*I(u) [4.3] 
I F(u) I = [ (R{u) )' + (I (u) [4.4] 
The phase angle of the Fourier spectrum is: 
tp(u) = atan [I(u)/R{u)] [4.5] 
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Applying Euler's formula to the exponential term results in: 
exp [(+/-) jZimx] = cos(27tux) ± jsin(27:ux) [4.6; 
If discrete terms are considered, F{u) is composed of an infinite 
sum of sine and cosine terms and the value of u determines the 
frequency of the sine-cosine pair. 
If a continuous function f(x) has N samples taken at Ax apart 
the function may be expressed where x assumes the discrete values 0, 
1, 2, ... N-1 and 
f( X )  = f (X G  +  X * A X )  [4.7] 
The sequence {f(0), f(l), f(2),..., f(N-l)} is used to represent any N 
uniformly spaced samples from the continuous function. Therefore, 
when considering a discrete signal or curve, the discrete Fourier 
transform that would apply to a sampled function: 
N-1 
F(u) = 1/N S f (X) exp [-j2inax/N] [4.8] 
x=0 
Where: 
N = Number of data points sampled 
u = 0, 1, 2,... N-1 Samples of continuous transform 
at values 0, Au, 2Au, ..., (N-1) Au. 
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The inverse of the discrete Fourier transform is: 
N-1 
f(x) = 1/N S F (u) exp [ j27tux/N] [4.9] 
u=0 
The samples of F(u) start at the origin of the frequency axis. The 
variables Au and Ax are related by the following equation: 
Au = 1/(N^Ax) [4.10] 
The Fourier transform may be extended to a two dimensional function 
f (x,y) 
3(f(x,y)) = F(u,v) = I f (X, y) exp (-j*27t* (u*x+v*y) ) dx [4.11] 
Where: 
v = Frequency variable 
and, 
3"'(F(u,v)) = f{x,y) = J F(u, v)exp (j*27i* (u*x+v*y) ) du [4.12] 
In a similar fashion to the one-dimensional Fourier transform, the 
Fourier spectrum and phase is given by the following equations: 
|F(u,v)| = [(R(u,v))' + (I(u,v) )^]°-- [4.13] 
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(p(u,v) = atan [I (u, v)/R(u, v) ] [4.14; 
The discrete Fourier transform pair for two-dimensions is: 
N-1 M-1 
F(u,v) = 1/(N*M) Z Z f (X, y) exp{ - j27i [ (ux/N)+ (vy/M) ] } [4.15 
x=0 y=0 
Where: 
N = Number of data points sampled in x direction 
M = Number of data points sampled in y direction 
and the inverse of the two dimensional discrete Fourier transform 
is: 
N-1 M-1 
f(x,y) = 1/(N*M) Z I F (u,v) exp { j2it [ (ux/N) + (vy/M) M [4.16] 
u=0 v=0 
Where: 
Au = l/N*Ax 
Av = l/M*Ay 
When images are sampled in a square array, M=N and: 
N-1 N-1 
F(u,v) = 1/N I Z f (X, y) exp{-j27t[ (ux+vy)/N) ] } [4.17] 
x=0 y=0 
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The inverse of the two-dimensional discrete Fourier transform is: 
N-1 N-1 
f(x,y) = 1/N Z S F{u, V )  exp [ j27t (ux+vy)/N] [4.18] 
u=0 v=0 
The discrete Fourier transform may be expressed in the separable 
forms: 
N-1 N-1 
F(u,v) = 1/N Z exp(-j27tux/N) Z f (x, y) exp (-j27tvy/N) [4.19] 
x=0 y=0 
and the inverse of the two-dimensional discrete Fourier transform 
is: 
N-1 N-1 
f(x,y) = 1/N Z exp(j j27nax/N) Z Flu, v) exp (j2rtvy/N) [4.20] 
u=0 v=0 
The advantage of separability is the F(u,v) or f(x,y) may be 
evaluated on a square image matrix by first taking the one-
dimensional Fourier transform along each row of f(x,y), multiplying 
the result by N and then taking the transform along each column. 
The same results will be obtained by first taking the transform 
along the columns of f(x,y) and then along the rows of the results. 
The discrete Fourier transform and its inverse are periodic 
with the period N: 
F(u) = F(u + N) [4.21] 
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and 
F(u,v) = F(u + N, V )  = F(u, V  + N) = F(u + N, v + N) [4.22] 
As a result, only the N values of each variable in any one period 
are required to obtain f(x) or f(x,y) from F(u) or F(u,v^. In a 
similar fashion only the N values of each variable in any one perioa 
are required to obtain F(u) or F(u,v) from f(x) or f(x,yj. The 
Fourier transform may thus be applied to one period of a function to 
obtain the Fourier coefficients. 
If f(x,y) is rotated by an angle 0, then F(u,v) xs rotated by 
the same angle. Considering the polar coordinates: 
then f(x,y) becomes f(r,a) and F(u,v) becomes F(co, (p ) .  Substitution 
of these relationships in the Fourier transform shows that if f(x,y) 
is rotated by an angle a, then F(u,v) is rotated by the same angle. 
The Fourier transform and its inverse are distributed over 
addition: 
X = rcosa y = rsina u = (ocos(p v = cosinq) [4.23] 
3[f:(x,y) + f2(x,y)] = 3[fi(x,y)] + 3[f2(x,y)] [4.24] 
And in general, are not distributed over multiplication: 
3[fi(x,y) * f2(x,y)] * 3[fi(x,y)] * 3[f2(x,y)] [4.25] 
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For scalar multiplication and scaling where a and b are scalar 
quantities: 
a*f(x,y) O a*F(u,v) [4.26: 
and 
f(ax,by) O (1/! ab I ) *F (u/a, v/b) [4.2"^] 
Here, O indicates the relationship between a function and its 
Fourier transfrom. 
The translation properties of the Fourier transform pair are: 
f(x- X o ,  y-yo) F(u, V) exp[ - j 2 7 t(uxc + v y a)/N] [4,28] 
and 
f ( X ,  y) exp[ J 2 7 I ( U O X  + vyo) / N ]  < = >  F ( U - U Q ,  V - V O) [4. 2 9 ]  
Understanding the magnitude, phase, translation, scaling, and 
rotation properties of the Fourier transform pairs permits an 
understanding regarding how Fourier coefficients are affected by the 
size, location, and rotation of a curve path. Assume that f(x) and 
g(x) are the same function with g(x) being at a different scale and 
average value: 
g(x) = CTf(x) + c [4.30] 
Where: 
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a = a scale factor 
c = a change in average value 
The Fourier transforms of f(x) and g(x) are related by: 
N-1 
G(u) = a/N S { f  ( X )  { (cos[2ina(x) ]-jsin[27iu(x) ] } + c} 
x=0 
N-1 
F(u) = 1/N 2 f ( X )  [ (cos (2jrux)-jsin(27rux) ] 
x=0 
[4.32] 
Since f(x) is assumed to be periodic over the sampled range, and the 
function is simply shifted within the sampled range, the magnitude 
of the Fourier transform coefficients are the same and the value of 
the coefficients are simply changed: 
The following simple examples using a sine wave will 
demonstrate the properties of scaling, translation, and a phase 
shift. 
Assume that f(x) = sin(27ix) and g(x) = 2*f(x) as x varies 
between 0 and 1. The independent variable x will be incremented so 
G (u) = al F (u) + c I [4.33] 
or: 
3[g(x)] = a"13[f(x)] + c| [4.34] 
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rhat discrete values of f(x) and g(x) are generated in 128 equal 
increments, therefore, Ax = 1/128. 
Figure 4.2 plots the dependent functions f(x) and g(x! against 
the independent variable x. The Fourier transform of f(x) and g(x; 
are then generated. Figure 4.3 plots the Fourier Spectrum lF(u)i 
(magnitude of the Fourier coefficients). Based on the definition of 
the Fourier Transform, the effect of multiplying f(x) by a scalar 
should have the same effect on the magnitude of the Fourier 
coefficients. For this example, the Fourier Spectrum of g(x) should 
be twice as large as the Fourier Spectrum of f(x). There should be 
no effect on the phase of the Fourier coefficients. 
0 0.2 0.4 0.6 0.8 
Independent Variable x 
Figure 4.2: Plot of f(x) and g(x), g(x) = 2*f(x) 
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Table 4.4 lists the magnitude and phase of the first three and last 
two Fourier coefficients for both f(x) and g(x). All of the other 
Fourier coefficients have a magnitude of zero. Assume that fix) = 
sin(27tx) and g(x) = f(x) + 2. Figure 4.4 plots the dependent 
functions f(x) and g(x) against the independent variable x. 
0.5 j-j 1 1 1 I 1 1 
0.45 • 
0.4 • 
0.35 
0.3 
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0.2 
0.15 
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0.05 I 
QIU  ^ — 
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Figure 4.3: Plot of the Fourier spectriom |F(u) | 
Table 4.4: Fourier coefficients of f(x) and g(x), g(x) = 2*f(x) 
Fourier Coefficient F(u) G(u) 
Number Magnitude Phase Magnitude Phase 
0  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  
1 0.500 -1.571 1.000 -1.571 
2  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  
126 0.000 0.000 0.000 0.000 
127 0.500 1.571 1.000 1.571 
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The effect of adding a scalar to f(x) affects only rhe 
magnitude of the first Fourier coefficient. The average value of 
f(x) will change from 0 to 2 over the period being sampled. For 
this exaitiple, the Fourier Spectrum of g(x) will be affected by the 
value of the scalar added to f(x). The first Fourier Transform 
reflects the average value of the function over the period which is 
2*N, where N = number of discrete samples of f{x). There should be 
no effect on the phase of the Fourier coefficients. Table 4.5 lists 
the magnitude and phase of the first three and last two Fourier 
coefficients for both f(x) and g(x). 
3 
-1 
0 02 0.4 0.6 0.8 1 
Independent Van able x 
Figure 4.4: Plot of f(x) and g(x), g{x) = f(x) + 2 
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Table 4.5: Fourier coefficients of f(x) and g(x), g(x) = f(x) -i- 2 
Fourier Coefficient F(u) G(u) 
Number Magnitude Phase Magnitude Phase 
0  0 . 0 0 0  0 . 0 0 0  2 . 0 0 0  0 . 0 0 0  
1 0.500 -1.571 0.500 -1.571 
2  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  0 . 0 0 0  
126 0.000 0.000 0.000 0.000 
127 0.500 1.571 0.500 1.571 
Assume that f{x) = sin(27tx) and g(x) = f(x + 32). Figure 4.5 
plots the dependent functions f(x) and g(x) against the independent 
variable x. The effect of a phase shift on f(x) does not have an 
effect on the magnitude of the Fourier coefficients. For this 
example, the Fourier Spectrum of g(x) will be affected by phase 
shift applied to f(x). The effect on the phase shift is given by 
exp[(+i2nu*Y)/N] . Therefore, the phase shift will be different for 
each Fourier coefficient. For the second Fourier coefficient: 
exp(i*27t*u*Y/N) 
exp(1*271*1*0.25) = 0 -t- i*l 
Phase Shift = atan(1.0/0.0) = 
Where: 
u = 1 
N = 128 
[ 4 . 3 5 ]  
[ 4 . 3 6 ]  
1 . 5 7 1  [ 4 . 3 7 ]  
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Y = 32 
For the last Fourier coefficient: 
exp(i*2jc^l27*32/128) = 0.0 - i-1.000 [4.38] 
Phase Shift = atan(-l/0) = -1.571 [4.39] 
Where: 
u = 128 
N = 127 
y = 32 
Table 4.6 lists the magnitude and phase of the first three and last 
two Fourier coefficients for both f(x) and g(x). 
ca 0.4 
5 -0.2 
40 60 80 100 120 
^dependent Variable x 
140 
Figure 4.5: Plot of f(x) and g(x), g(x) = f(x + y), y = 32 
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Table 4.6: Fourier coefficients of f{x) and g(x), g(x) = f(x + 32) 
Fourier Coefficient F(u) G(u * i 
Number Magnitude Phase Magnitude Phase 
0 0 .000 0.000 0.000 o . o o c  
1 0.500 -1.571 0.500 o . o o c  
2 0.000 0.000 0.000 o . o o c  
126 0.000 0.000 0.000 o . o o c  
127 0.500 1.571 0.500 o . o o c  
From these examples several steps may be defined to identify 
similar functions that differ only in size, average value, or phase. 
These steps may be considered ^normalizing" the Fourier 
coefficients. To obtain a standard size the Fourier coefficient, 
F(l) must have a standard magnitude (i.e. 1). To obtain a standard 
position, the Fourier coefficient F(0) must be set to a standard 
value (i.e. 0). To obtain a standard phase, the maximum value of 
the dependent function, f(x), may be shifted to coincide with the 
origin of the independent variable x. 
Assume that f(x,y) and g(x,y) are the same curve path with 
g(x,y) being at a different rotation, scale and translation: 
g(X,y)=f[CT(XCOS0 + ysinS) - Xa, o(-xsin6 + ycos0) - yo) ] [4.40] 
Where: 
a = a scale factor 
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9 = a rotation angle 
XQ, yc = a translation length 
The Fourier transforms of g(x,y) and f(x,y) are related by: 
G(u,v) = exp [-j27t (uxc+vyj/N] * a'' * 
F[(ucos0 + vsinG)/a,(ucos6 + vsin0)/a] [4.41] 
As with the one-dimensional Fourier transform, a simple example for 
the two-dimensional Fourier transform using the trace point path of 
a four-bar mechanism will demonstrate the properties of scaling, 
translation, and a rotation of the path. 
Assume that a crank-rocker four-bar mechanism with the 
following construction generates a trace point path. 
Drive Crank Length = 1.0 units 
Connecting Rod Length = 1.5 units 
Follower Crank Length = 1.5 units 
Ground Pivot Length = 1.5 units 
Trace Point Distance = 1.5 units 
Ground Pivot Angle = 0 radians 
Trace Point Angle = 1 radian 
Number of Crank Positions = 128 
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A graph of the trace point path for the four-bar mechanism xs 
contained in Figure 4.6. A matrix grid 128 by 128 units is placed 
over the curve to digitize the figure. The center of the matrix is 
placed at the centroid of the trace point curve, and the matrix is 
scaled such that the largest radius from the centroid is 64 units. 
Figure 4.7 shows the two dimensional matrix of the trace point 
curve. A two-dimensional discrete Fourier transform is then taker, 
of the image. Figure 4.8 shows a two dimensional gray scale 
representation the Fourier transform of the trace path curve. 
The trace point path is taken through a spatial transform to 
move the centroid of the curve to the global origin, to rotate the 
curve so the largest radius coincides with the x axis, and to scale 
the trace point path so the largest radius has a value of 1. Figure 
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Figure 4.6: Graph of trace point path for four-bar mechanism 
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Figure 4.7: Graph of matrix of trace point path 
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Figure 4.8: Two dimensional gray scale representation of the Fourier 
transform of trace point path 
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4.9 shows the spatially transformed trace point path. A grid 
matrix 128 by 128 units is placed over the curve to digitize the 
figure. The center of the marrix is placed at the centroid of che 
trace point curve, and the matrix is scaled such that the largest 
radius from the centroid is 64 units. Figure 4.10 shows the two 
dimensional matrix of the trace point curve. A two-dimensional 
discrete Fourier transform is then taken of the image. Figure 4.11 
shows the gray scale Fourier transform of the rrace path curve. 
One may see that rotating the trace point path through a angle 
will have the same rotational effect on the Fourier Transform of the 
path of the image. The process of placing a matrix over the image 
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Figure 4.9: Spatially transformed trace point path 
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Figure 4.10: Graph of matrix of spatially transformed trace point 
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Figure 4.11: Gray scale representation of the Fourier transform of 
spatially transformed trace point path 
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of the trace point path such that the size of the matrix is related 
to the largest curve radius to the path centroid renders the Fourier 
Transform invariant to size. Placing the largest curve radius on 
the x-axis renders the Fourier Transform invariant to rotation. 
One-Dimensional Fourier Transform 
For a characterization of a function, f{x), the application of 
a one-dimensional Fourier Transform has been applied. For a two 
dimensional curve path, f(x,y), the application of a two-dimensional 
Fourier Transform has been applied. A technique described by 
Gonzalez [1977] describes the application of one-dimensional Fourier 
Transform to a curve path, f(x,y), for the matching of different 
region shapes. 
The points on the curve path may be viewed as a region in a 
complex plane with the x-axis being the real axis and the y-axis 
being the imaginary axis. Each discrete point on the curve path 
becomes a complex number x + iy. Beginning with one point on the 
curve path and following the path to the next connected discrete 
point will generate a series of complex numbers. The one-
dimensional discrete Fourier transform of this series will generate 
a set of Fourier coefficients for the contour. 
The scale or size of the path may be changed by simply 
multiplying each point on the curve by a single constant, o, in both 
the X and y direction. This scales the path to a larger or smaller 
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size and results in a scalar multiplication to the Fourier 
transform. 
CT*f (x) = CT*x + CT*iy = (j*F(u) [4.42] 
To rotate the path in the spatial domain simply requires 
multiplying each coordinate by exp(i9). This will rotate the path 
by the angle 0 since exp(i0) = cosG + isinS. In a similar respect 
to scaling, the Fourier Transform may be multiplied by exp(i0). 
exp(i0)*f(x) = exp(i0)'x + exp(i0)*iy = exp(i0)'F(u) [4.43] 
Changing the starting point of the curve path in the spatial 
domain has no effect on the results of the Fourier transform. 
Changing the angular rotation of the curve does have an effect on 
the Fourier transform. This is similar to a phase shift in the one-
dimensional Fourier Transform. 
Figure 4.6 graphs the trace point path for a defined four-bar 
mechanism. Applying the complex number technique described by 
Gonzalez [1977] the one-dimensional Fourier Transform of the path 
may be taken. Figure 4.12 is a plot of the Fourier spectrum of the 
trace point path using 128 discrete points to represent the curve. 
Note that the Fourier coefficient F(0) is not zero since the curve 
is not centered on the global axis. Table 4.7 lists the magnitude 
and phase of the first five and last four Fourier coefficients. 
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If the trace curve path is spatially transformed to place the 
centroid of the path on the global axis, the Fourier coefficient 
F(0) will be reduced to zero. Figure 4.13 is a plot of the Fourier 
spectrum of the trace point path with the centroid moved to the 
origin of the global axis. Note that the Fourier coefficient F(0'i 
has been reduced to zero. Table 4.8 lists the magnitude and phase 
of the first five and last four Fourier coefficients. 
The trace point path is then scaled so the maximum radius from 
the path centroid to the curve is 1. The trace point path is then 
1.4 
0.4 
02 
0 
0 20 40 60 80 100 120 140 
Frequency 
Figure 4.12: Plot of Fourier spectrum of trace point path 
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Table 4.7: Fourier coefficients of trace point path 
Fourier Coefficient 
Number 
F(u) 
Magnitude Phase 
0 
1 
2 
3  
4  
5  
1 . 2 1 0 3  
1 . 1 3 0 5  
0 . 1 2 7 6  
0 . 0 2 2 1  
0 . 0 0 7 9  
0 . 0 0 0 9  
2 . 0 0 5 0  
- 0 . 4 3 7 6  
- 0 . 4 5 3 6  
- 0 . 4 3 3 0  
- 0 . 4 1 6 1  
- 0 . 4 7 0 1  
1 2 3  
1 2 4  
1 2 5  
126 
1 2 7  
0 . 0 3 0 7  
0 . 0 5 5 4  
0 . 1 0 2 0  
0 . 1 8 8 5  
0 . 4 6 5 0  
2 . 5 1 7 0  
2 . 5 4 2 2  
2 . 5 6 7 1  
2 . 5 9 1 9  
2 . 6 1 6 7  
60 80 
Frequency 
140 
Figure 4.13: Plot of Fourier spectrxom of trace point path with 
centroid spatially translated to global axis. 
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Table 4.8: Fourier coefficients of trace point path with centroid 
translated to global axis 
Fourier Coefficient F(u) 
Number Magnitude Phase 
0 0.0000 0.0000 
1 1.1309 1.1305 
2 0.1280 0.1276 
3 0.0228 0.0221 
4 0.0090 0.0079 
5 0.0031 0.0009 
123 0.0313 1.9391 
124 0.0559 2.1002 
125 0.1023 2.2455 
126 0.1886 2.3808 
127 0.4650 2.5125 
rotated so the maximum radxus is aligned with the x-axis. The 
starting point for the generation of the curve is then processed 
logically to start at the point on the curve aligned with the x-
axis. Figure 4.14 is a plot of the Fourier spectrum of the trace 
point path that has been translated, rotated, and scaled. Table 4.9 
lists the magnitude and phase of the first five and last four 
Fourier coefficients. 
When using this technique to compare curve paths, a 
normalization process is required to ensure the curve paths have a 
standard size, orientation, and location of the trace point curve 
centroid. 
To normalize the Fourier coefficients two different processes 
may be taken. One process would be to normalize the Fourier 
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Figure 4.14: Plot of Fourier spectrum of trace point path spatiall 
transformed to the origin of global axis, rotated and 
scaled. 
Table 4.9: Fourier coefficients of trace point path spatially 
transformed to global axis, rotated and scaled. 
Fourier Coefficient 
Number 
F(u) 
Magnitude Phase 
0 
1 
2 
3 
4 
5 
0 . 0 0 0 0  
0 . 6 8 6 8  
0.0818 
0.0193 
0.0103 
0.0049 
0 . 0 0 0 0  
-0.2553 
0.7728 
1.9032 
2.8674 
-2.5518 
123 
124 
125 
126 
127 
0.0217 
0.0367 
0.0649 
0.1169 
0.2832 
2.9548 
-2.2828 
-1.2496 
-0.2256 
0 . 8 0 2 2  
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coefficients so they are invariant to translation, scale, and 
rotation. A standard size may be obtained by requiring the first 
Fourier Coefficient to have a unity magnitude. When the curve path 
is closed and traced in the counterclockwise direction, the first 
Fourier Coefficient, F(l), will be the largest [Gonzalez, 1977]. 
The orientation of the trace point curve will have an effect only on 
the phase of the Fourier Transform coefficients. Therefore, the 
establishment of a standard orientation is essential for phase 
comparisons. The translation of the curve, (Xo,yo), will have an 
effect only on the initial Fourier Transform coefficient F(0). The 
point at which the trace point curve is generated will not affect 
the Fourier coefficients. Table 4.9 lists selected Fourier 
coefficients for trace point path when the centroid is placed on the 
global axis. The curve is scaled so the maximum radius is equal to 
1. The curve is also rotated so the maximum radius lies on the x-
axis, and the starting point for tracing the curve is at the maximum 
radius on the x-axis. Table 4.10 lists the same Fourier 
coefficients for the trace point path but with the starting point 
for tracing the curve shifted by 180 degrees; there is no effect. 
The majority of the Fourier coefficients have a magnitude 
close to zero. This attribute of the Fourier transform highlights 
one of the key advantages of using this linear transform. A 
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Table 4.10: Fourier coefficients of trace point path, starting point 
for tracing curve shifted by 180 degrees 
Fourier Coefficient F(u) 
Number Magnitude Phase 
0 0.0000 0.0000 
1 0.6868 -0.2553 
2 0.0818 0.7728 
3 0.0193 1.9032 
4 0.0103 2.8674 
5 0.0049 -2.5518 
123 0.0217 2.9548 
124 0.0367 -2.2828 
125 0.0649 -1.2496 
126 0.1169 -0.2256 
127 0.2832 0.8022 
small number of Fourier coefficients, or Fourier Descriptors, may be 
used to not only characterize a curve but may be used to reconstruct 
the curve path. Rather than using 128 points to describe the trace 
point path a smaller number of Fourier descriptors may be used. 
Figure 4.15 is a plot of the spatially transformed trace point path 
of the crank-rocker four-bar mechanism specified on page 12 and is 
plotted using 128 points. 
The magnitude of the Fourier Coefficients for this trace point 
path was plotted in Figure 4.14. The Fourier coefficients with the 
largest magnitude may be selected for use in the characterization 
and reconstruction of the trace point path. If the inverse Fourier 
Transform is evaluated with all of the 128 Fourier coefficients, 
each of the 128 points of the original trace point path will be 
generated. A select number of Fourier coefficients may be 
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Figure 4.15: Spatially transformed trace point path described by 
128 points 
stored for the characterization and reconstruction of the trace 
point curve path. These Fourier coefficients will be called Fourier 
Descriptors. The value of each of the Fourier Descriptors and the 
number of the descriptor (0 through 127) must be retained for use in 
characterization and reconstruction processes. 
As an example, 8 Fourier coefficients with the largest 
magnitude may be selected. Table 4.11 lists the value and position 
of the 8 Fourier coefficients for the defined trace point path. The 
eight Fourier descriptors are used in the evaluation of the inverse 
Fourier transform and zeros are used as the other 120 Fourier 
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Table 4.11: Top 8 Fourier descriptors of trace point path 
Fourier Coefficient F(u) 
Number Magnitude Phase 
1 0.6812 -1.2592 
2 0.0806 -1.3196 
3 0.0167 -1.3697 
123 0.0215 1.8032 
124 0.0364 1.8123 
125 0.0642 1.8184 
126 0.1156 1.8255 
127 0.2817 1.8249 
coefficients. Figure 4.16 plots the trace point path when 
reconstructed from the top eight Fourier descriptors. 
The error in reconstructing the trace point path may be 
calculated by evaluating the sum of the total error in each of the 
trace points. 
Error = Z [(lOTPI - |RTP|)']°'- [4.44] 
Where: 
OTP = Original trace point 
RTP = Reconstructed trace point 
The error in reconstructing the trace point path using 8 Fourier 
descriptors is 1.987 6 units for the 128 points. 
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Figure 4.16: Trace point path reconstructed using 8 
Fourier descriptors 
The 16 Fourier coefficients with the largest magnitudes are 
then retained. Table 4.12 lists the value and position of the 16 
Fourier coefficients for the defined trace point path. The 16 
Fourier descriptors are used in the evaluation of the inverse 
Fourier transform and zeros are used as the other 120 Fourier 
coefficients. Figure 4.17 plots the trace point path when 
reconstructed from the top 16 Fourier descriptors. The difference 
between the original trace point path and the reconstructed trace 
point path cannot be seen with the eye. The error in 
reconstructing the trace point path using 16 Fourier descriptors is 
0.1904 units for the 128 points. 
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The error in reconstructing the trace point path based on 
various numbers of Fourier descriptors is summarized in Table 4.13. 
A requirement for comparison of various trace point paths or 
functions based upon Fourier Descriptors is that the number of 
discrete points sampled in each path or functions must be the same. 
In the previous examples 128 points were sampled. 
The previous examples show the advantages of using a one-
dimensional Fourier transform to reduce the amount of information 
that is required to characterize and reconstruct a two dimensional 
trace point path. A similar process may be conducted to understand 
the possible advantages of using a two-dimensional Fourier transform 
to characterize and reconstruct the trace point path. 
Two-Dimensional Fourier Transforms 
0.8 
0.6 
-0.6 • 
-0.8 -
-1 
•1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 
X Position 
Figure 4.17: Trace point path reconstructed using 16 Fourier 
descriptors 
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Table 4.12: Top 16 Fourier descriptors of trace point path 
Fourier Coefficient F(u) 
Number Magnitude Phase 
1 0.6812 -1.2592 
2 0.0806 -1.3196 
3 0.0167 -1.3697 
4 0.0076 -1.3932 
5 0.0030 -1.4938 
6 0.0014 -1.6655 
118 0.0016 1.6808 
119 0.0028 1.7256 
120 0.0047 1.7555 
121 0.0078 1.7764 
122 0.0129 1.7918 
123 0.0215 1.8032 
124 0.0364 1.8123 
125 0.0642 1.8184 
126 0.1156 1.8255 
127 0.2817 1.8249 
Table 4.13: Error in Trace Point Path Reconstruction 
Number of Error in 
Fourier Descriptors Trace Point Path 
8 1.9876 
12 0.5471 
14 0.3082 
16 0.1904 
20 0.1060 
24 0.0951 
28 0.0853 
32 0.0795 
64 0.0568 
128 0.0000 
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A matrix grid has been used to digitize and generate a two 
dimensional image for the trace point path (Figure 4.10). The 
number of cells in the image is 128x128 or 16,384 cells. Each cell 
in the image contains either a zero or a one. A gray scale is used 
for the image with values of '^zero" generating a white cell and a 
"one" generating a black cell. As seen in Figure 4.11, the two-
dimensional Fourier transform of an image generates a two 
dimensional matrix of Fourier Coefficients. As with the one-
dimensional Fourier transform, the largest Fourier coefficients may 
be identified for use in the characterization and reconstruction of 
the trace point path curve. 
The top 16 Fourier Descriptors used to in the one-dimensional 
Fourier transform of the trace point path constitutes 12.5? of the 
total Fourier coefficients. The top 12.5% Fourier Descriptors for 
the two-dimensional Fourier transform would be 2048 Fourier 
Descriptors. Figure 4.18 shows a matrix plot of the top 16 Fourier 
Descriptors for the spatially transformed trace point path (Figure 
4.10). The Inverse Fourier Transform of the top 16 Fourier 
Descriptors is plotted in Figure 4.19. The top 128 Fourier 
Descriptors for the spatially transformed trace point path is 
plotted in Figure 4.20. The Inverse Fourier Transform of the top 
128 Fourier Descriptors is plotted in Figure 4.21. 
The figures highlight the major issue with using a two 
dimensional Fourier transform on an image of the trace point path. 
The majority of the image is white space while a small number of 
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Figure 4.19: Inverse Fourier transform of top 16 Fourier 
descriptors 
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Figure 4.21: Inverse Fourier transform of top 128 Fourier 
descriptors 
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image cells are used to define Che trace point path. The top 128 
Fourier Descriptors does not perform an adequate job in 
reconstructing the trace poinc path and requires a substantially 
large amount of computing power to process when conpared to the one-
dimensional Fourier Transform. 
Moments 
There are other techniques for generating descriptors that are 
invariant to translation, rotation and size. An approach using 
moments is often used to generate invariant moments for pattern 
recognition. Moment invariants were first introduced by Hu [1961] 
and were further addressed by Reiss [1991]. A uniqueness theorem 
states that if f(x,y) is piecewise continuous and has non-zero 
values only in a finite part of the x-y plane, then moments of all 
orders exist, and the moment sequence (mpq) is uniquely determined 
by f(x,y), and, conversely, (mpq) uniquely determines f(x,y). This 
means that the following summation may be viewed as a one to one 
mapping of the continuous, finite area image f(x,y) onto the 
infinite discrete moment matrix M with entries mpq [Reiss] . The 
regular moment of an image f(x,y) may be expressed as: 
mpq = II x^*y''f(x,y) [4.45] 
X y 
The central moments are defined as: 
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Hpq = Z Z (x - x~)'{y - y~)''f(x,y) [4.46] 
X y 
Where: 
p,q = 0, 1, 2,... 
x~ = 
y~ = mci/niQo 
The central moments are equivalent to the regular moments of an 
image that has been shifted so that the image centroid (x~,y~) is at 
the origin. Therefore, the central moments are invariant to image 
translations. 
The central moments of order 3 are: 
|i.iQ = mio - mio*inoo/mic = 0 = (loi [4.47] 
pit: = mi: ~ mio*moi/mcic [4.48] 
H20 = mjo - mic*mio/mia [4.49] 
|io2 = mo2 - moi*moi/mic [4.50] 
M.3Q = m3c - 3*x--*m2c + 2*mio*x-^ [4.51] 
Hi2 = nii2 - 2*y--*mii - x-mo? + 2*mic*y~^ [4.52] 
fi2: = ni2io - 2*x~*m:; - y~m2c + 2*m<::*y~' [4.53] 
Ho3 = mQ3 - 3*y~*mo2 + 2*moi*x~' [4.54] 
The noirmalized central moments are defined as: 
Hpq ~ Mpq/M<Jo^ [4.55] 
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Where: 
y = (p + q)/2 
p,q = 2, 3,... 
From the second and third moments a set of seven invariant 
moments, may be derived [Hu and Bell] . 
(p. = Ti2c + no2 [4.56] 
q>2 = (TI20 - 1102)' + [4.57] 
CP3 = (TL30 - 3*T1i2)^ + (3''TL2I + TLOJ)' [4.58] 
94 = (Tl30 + T1I2)^  + {TI2: + Tl03)^  [4.59] 
q); = (n3c - 3''T1I2) ("1130 + TI12) [ (TI3.- + rjij)* - 3(ri2.. + nos)"] 
+ (3*ri2i - Tl03) (TI2: + no-) [3*(Tl3c + TI12)- - (Tl:: + Tlci)*] [4.60] 
tpe ~ (1120 " ^ 02) [ {llsc + 1112)" ~ (ll21 1103)'] 
+ 4ri:: (T13C Hu) (^2: + na3) [4.61] 
Cp- = (3t1i2 - Tl3c) (Tl3C + ni2)[(n3C T1l2) " " 3(Tl2: + TI03)"] 
+ (3*Tl2i - T1o3) (Tl2i + TI03) [3*{Tl3C + 111:)' " (^21 + Tlos)'] [4.62] 
This set of seven invariant moments is invariant to translation, 
rotation, and scale change [Hu, 1962]. 
Figure 4.22 is a graph of the spatially transformed trace 
point path. Figure 4.23 is a graph of the spatially transformed 
trace point path rotated 90°, and Figure 4.24 is a graph of the 
spatially transformed trace point path rotated 180°. Table 4.24 is 
a summary of the seven invariant moments of the three trace point 
paths and demonstrates invariance with rotation. 
97 
0.8 
0.6 
0.4 
0.2 
c 
o 
<0 
o Q. 
> 
-0.2 
-0.4 
-0.6 
-0.8 
0.2 0.4 0.6 0.8 -0.8 -0.6 -0.4 -0.2 
X Position 
Figure 4.22: Spatially transformed trace point path 
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Figure 4.23: Trace point path rotated 90° 
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X Position 
Figure 4.24: Trace point path rotated 180® 
Table 4.14: Invariant moments of selected trace point paths 
Invariant Original Trace Rotated Rotated 
(log) Point Path 90° 180° 
9: 3.3066 3.3066 3.3035 
9: 6.2175 6.2175 6.2071 
93 5.8921 6.3776 5.8506 
94 5.1788 5.1788 5.1759 
95 10.8637 10.8637 10.8050 
96 8.2372 8.2372 8.2071 
9- 10.8629 10.8629 10.8881 
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CHAPTER 5. SOLUTION COMPARISON AND MATCHING METHODS 
This chapter addresses the matching of the desired output of a 
four-bar mechanism (function, path or motion generation) with each 
candidate solution stored in a database. The technique used for 
matching a desired output with a candidate solution will need to 
identify the best candidate solution based on a measure of 
similarity. The technique should also identify candidate solutions 
that are close to the desired solution even though there may not be 
an exact match. In evaluating a match, the desired output is 
compared to each candidate solution in a database. A measure of 
similarity, or difference, is generated between the desired output 
and each candidate solution. The candidate solutions in the 
database with the best measure of similarity are identified as 
possible solutions, or all measures that meet a defined threshold 
are identified as a possible solution. These matching technique may 
be carried out in the spatial domain or a transform domain and may 
be based on the similarity or difference between the objects. 
Matching a desired solution with candidate solutions is used 
in two dimensional image processing applications such as optical 
character recognition, locating changes in an image, identifying 
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objects in a photograph, estimating object motion, and so on. Many-
matching applications must deal with noise that may be in the two 
dimensional image. With character recognition, noise may be dirt on 
a typed page or a smudged character. With many matching 
applications, different intensities of the image gray scale, or 
color, must be considered. An object may also have skew distortion, 
which is due to the projection angle between the camera and the 
object. A camera that is not normal to a square object will 
generate a picture of a rectangle. Image intensity must be 
considered if one is trying to identify objects in an x-ray or a in 
photographs that are taken during the day and at night. Noise, 
skew, and image intensity must be addressed in addition to object 
orientation and scale of the object. Matching, as it relates to 
matching a function or a path stored in a database, does not have 
issues with background noise, skew, or image intensities. 
For any matching technique, a common basis must be developed 
to support the characterization of a solution in the spatial domain, 
or a transform domain, that is invariant under translation, scaling, 
and rotation. Figure 5.1 shows two different trace point paths. 
The larger trace point path is generated by the four-bar mechanism 
defined in Chapter 4. The smaller closed curve is the larger path 
that has been spatially transformed to a normalized position, size 
and rotation. From a design perspective, all four-bar mechanisms 
capable of producing the solution are of interest. A mechanism that 
is merely scaled to a different size, rotated to a different angle. 
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or located at a different physical location may be a viable 
candidate. Therefore, attaining a basis where the characterized 
output (function, path or motion) of a four-bar mechanism which is 
invariant to size, rotation, and translation is of interest. 
There are many different methods that have been developed for 
matching [Hussain, 1991] [Chen, Defrise and Deconick, 1994] [Dudani, 
1977] [Gonzalez, 1977] [Hall, Wong, Chen Sadjadi and Frie, 1976] 
[Wong and Hall, 1978]. For a two-dimensional object, shape 
properties such as perimeter length, area, eccentricity, number of 
corners, number of holes, texture, and minimum bounding angle may be 
used to label objects in an image. For two functions, f(x) and 
g(x), there are many methods of determining a match between them. 
We will review several of these methods in this chapter, but first 
an overview of spatial transforms to address translation, rotation, 
and scale of a trace point path. 
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Figure 5.1: Trace point path and spatially transformed path 
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We have reviewed several different methods of atraining 
invariant characteristics of the outpur. One is through spatia 
transforms. For a trace point path the centroid of the path is 
found by the following (Figure 5.2 plots the path and centroid! 
N 
Keen = I Pix/N [5. 
i= l  
N 
Ycen = Z Piy/N [5. 
i= l  
Where: 
Xcen 
Ycen 
= Horizontal position of the path centroid 
= Vertical position of the path centroid 
= X position of a discrete point 
X Position 
Figure 5.2: Centroid of trace point path - Xcen, Ycen 
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Py^ = Y position of a discrete point 
N = Number of total points defining the path 
The trace point path is then translated to the origin of the world 
axis by the following transformation (Figure 5.3 plots the 
translated path): 
Fix '  =  Pix  - Xcen [5.3] 
Piy '  =  Piy  - Ycen [5.4] 
Where: 
Pix '  = Translated X position of a discrete point 
Piy' = Translated Y position of a discrete point 
For the translated trace point path, the largest radius between the 
centroid and the path is found by the following (Figure 5.3 plots 
the path and the largest radius): 
Elmax = Maximum [ (Pi* '-Xcen)' + (Piy '-Ycen) ^] "'^ [5.5] 
Where: 
Elmax = Maximum radius 
The trace point path is then scaled by the following transformation 
(Figure 5.4 plots the scaled path): 
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Pix'' = Pi.-.' / Rmax [5.6] 
Pi...'  = Piy' / Rmax [5.7] 
Where: 
Piv '' = Scaled X position of a discrete point 
Piy'' = Scaled Y position of a discrete point 
For the translated and scaled trace point path, the angle between 
the largest radius and the positive x-axis is found by the following 
(Figure 5.4 plots the path and the angle 0): 
0 = atan (Piv'Rnax/ Pix'Rmax) [5.8] 
Rmi 
0.5 
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Figure 5.3: Maximum radius of trace point path - Elmax 
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Where: 
Pix'toax = X position of a discrete point where Elmax occurs 
Piy'ftoax = Y position of a discrete point where Elmax occurs 
The trace point path is then rotated using the following 
transformation (Figure 5.5 plots the rotated path)t 
Pix ' ' '  =  Pix '' *cos0 + Piy '' *sin0 
Piy ' ' '  =  Pix '' *sin0 - Piy '' *cos0 
[5.9] 
[5.10] 
Where: 
Pij,' ' ' = Rotated X position of a discrete point 
Rotated Y position of a discrete point Piy '  ' '  = 
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Figure 5.4: Angle 0 of trace point path 
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Figure 5.5 plots the translated, scaled, and rotated trace 
point path. 
The first consideration when matching two discrete functions, 
or, for example, when matching two trace point paths, is that the 
number of discrete sampled points must be the same. The number of 
points that a designer may use to originally define the curve need 
not be the same. But, when evaluating the similarity of difference 
between two different solutions, whether in the spatial domain or in 
the Fourier frequency domain, the number of points used in 
evaluating the desired solution and candidate solutions must be the 
same. 
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Figure 5.5: Spatially transformed trace point path 
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If two identical curves are being compared in che spatial 
domain, there must be the capability to make a comparison between 
each curve point by point, and there must be some common basis on 
each curve with regards as where to start the corrparison. In the 
spatial domain, rotating the trace point path so the largest radius 
lies on the x-axis provides a common point at which to start the 
comparison. 
The second consideration when matching two ob3ects in the 
spatial or frequency domain is that the objects being compared must 
be invariant to translation, rotation, and scaling. Comparing the 
two curves in Figure 5.1 would not generate a good correlation, or 
match, even though the path shapes are identical. A good 
correlation would be attained if the trace point paths were 
normalized for translation, rotation and scale. 
Spatial Similarity and Difference Measures 
The matching of two functions is of interest to identify a 
match for a function generation four-bar mechanism, an image match 
is of interest for a path generation four-bar mechanism, and an 
image and a function match is of interest for a motion generation 
four-bar mechanism. The determination of a match between a desired 
function or curve, f(x), and a curve stored in a database, g(x), may 
be handled by several different methods. 
Before discussing methods to measure the similarity or 
difference between objects, a basis must be established for making a 
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comparison between two objects. Matching methods evaluated in the 
spatial domain will compare points between the two functions. To 
perform this type of evaluation, a curve stored in a database must 
have an x and y value for each point on the trace point curve. The 
desxgner determines the total number of points that defines the pat.n 
or a curve. Two points may define a straight-line path, while a 
complex trace point path of a four-bar mechanism may need hundreds 
of points to specify a required motion. In any case, a common basis 
must be established to correlate a desired object with a set of 
objects stored in a database. 
Several methods for measuring the similarity or differences 
between two functions f(x) and g(x) are described by Hussain [1991]. 
- Normalized cross-correlation (similarity measure) 
C(x) = P(x)/Q(x) [5.11] 
Where: 
P ( X )  = I f ( X )  *g ( X )  
Q(x) = (I f (x)^*g(x)^)^-
- Sum of absolute differences (difference measure) 
A(x) = Z If( X )  - g(x)I [5.12] 
- Sum of squared differences (difference measure) 
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S(x) = Z  [ f  ( X )  -  g  ( X )  [5.13] 
Solution Matching Using Foxirier Descriptors 
The first consideration co be addressed for pattern matching 
i.n ^^s^^sncy is s !t,ow msny '!i2.sci''3'C'? S3!T'.p1'?s 
are required to ensure there is an understanding of what is lost in 
using the Fourier transform. The Whittaker-Shannon sampling theorem 
is described in Bracewell [1978]. The premise of the sampling 
theorem is that any continuous function that is limited in how 
rapidly it can vary can be completely characterized by its samples 
as long as the samples are spaced a specific interval apart. The 
maximum permissible spacing between the samples of a curve or a path 
is inversely proportional to the bandlimit of the curve or path. 
The bandlimit is a measure of the variability of the curve or path. 
The minimum sampling rate, or the maximum sampling spacing, is 
called the Nyquist rate. If the sampling rate is significantly 
above or below the Nyquist rate it is oversampled or undersampled. 
Undersampling may lead to variations and detail that is lost 
completely or may generate a phenomenon known as aliasing. For 
sampling data at least eight data samples must be taken between 
amplitude peaks to obtain meaningful information regarding the 
waveform from a Fourier transform. Oversampling leads to excessive 
data computations and data storage. 
For two continuous functions f{x) and g(x), the correlation of 
the two functions is defined by: 
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f(x) o g(x) = J f'(a)g(x+a)da [5.14] 
Where: 
= indicates the complex conjugate 
a = a dummy variable of integration 
The complex conjugate is one of a pair of complex numbers with 
identical real parts and with imaginary parts differing only in 
sign. The discrete representation of the correlation of the two 
continuous functions is defined by: 
M-1 
f(x) o g(x) = I f'(m)g(x+m) [5.15] 
m=0 
Where: 
X = 0, 1, 2, M-1 
M = Number of discrete points in a sampled array 
The correlation theorem for the two functions is: 
f{x) o g(x)0 F'(U)G(U) [5.16] 
and 
Ill 
f'(x)g(x) O F(u)G(u) [5.171 
The correlation of the two functions in the spatial domain 
corresponds to multiplication in the frequency domain. The spatial 
correlation of f(x) o g(x) corresponds to multiplication in the 
frequency domain. Therefore, the correlation of the two functions, 
f(x) and g(x) in the spatial domain is a simple point by point 
multiplication of a G(u) wxth the complex conjugate F*(u) followed 
by an evaluation of the inverse Fourier transform of the results. 
When addressing the similarity, or matching, between two 
functions, one approach is to compute the correlation between an 
unknown function and a known function. The closest match is found 
by selecting the functions that yield the correlation function with 
the largest value. The evaluation of f(x) o g(x) is easily 
evaluated in the frequency domain and the inverse Fourier transform 
taken to evaluate the largest amplitude of each comparison. 
f(x) o g(x) = 3"'[F* (u) *G (u) ] [5.18] 
One limitation to evaluating the correlation values between a 
function and a database of functions as defined here is that the 
output is dependent on the amplitudes of f(x) and g(x) rather then 
spatial structures, and the output around the maximum is broad 
[Chen, Defrise and Deconinck, 1994]. 
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One method to address this condition is to develop an 
expression that evaluates only the phase of the Fourier transform. 
This is accomplished by eliminating the amplitude of F(ul: 
This expression is known as the phase-only filter. The output of 
this expression provides a sharper peak than the correlation value 
of the two functions. The output is still dependent on the 
amplitude of g(x) but is less sensitive to the amplitudes of the 
Fourier coefficients. 
Further improvement on the output may be obtained by 
correlating the phases of both f(x) and g(x) and eliminating the 
amplitude of F(ui and G(u): 
This expression is known as symmetric phase-only matched filter or 
SPOMF. The advantages of the phase only filters lie with their high 
discriminating power, numerical efficiency and robustness against 
noise [Chen, Defrise and Deconick, 1994]. A major drawback is that 
the spectral phase of an image is not invariant for rotation and 
scaling. Therefore, phase-only matched filtering is efficient only 
when rotation and scaling are small and can be ignored. Chen, 
Defrise, and Deconick [1994] use the Fourier-Mellin Invariant 
3"-{ [F'(u)/|F(u) I ]»G(u) } [5.19] 
3"*{ [F'(U ) / 1 F ( U )  I  ]*G(u) /|G(u) I  }  [5.20] 
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descriptors which are translation-invariant and represent rotation 
and scaling as translations along corresponding axes in parameter 
space. They use a two-dimensional matching technique based on the 
syiranetric phase-only matched filtering of the Fourier-Mellin 
invariant descriptors of the images. Since translation, rotation, 
and scaling have been addressed through the use of a spatial 
transform to achieve translation, rotation, and scale invariance, 
the use of Fourier-Mellin Invariant Descriptors is not a 
requirement. 
Implementation of the correlation, the phase-only filter, and 
the symmetric phase-only matched filter requires that the Fourier 
Transforms of the two functions, F(u) and G(u), be based on the same 
number of sampled points. 
The implementation of the symmetric phase-only matched filter 
is with the following process: 
1. Compute the Fourier transform G{u) of the template image 
and the Fourier transform F(u) of a database image. 
2. Extract the phase exp (-i*(t)G (u) ) of G(u) and the phase 
exp (-i*<|)r(u) ) of F(u). 
3. Determine the output of the symmetric phase-only matched 
filter: 
Q(u) = exp[- i*(j)G(u) - i*(|)F(u)] [5.21] 
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4. Compute the inverse Fourier transform: 
q{x) = X-[Q(u)] [5.22] 
5. Identify the maximum value q{x). The larger the maxunum of 
q(x), the better the match between the functions. 
An evaluation of the Fourier descriptors may also be focused 
on the absolute difference in the amplitude and phase of the 
descriptors. The difference in the amplitude of the Fourier 
descriptors may be evaluated by: 
M(u) = I  I lF(u) I - |G(u) I 1 [5.23] 
Where: 
M{u) = Sum of amplitude difference 
The phase of the Fourier descriptor will have a impact on matching 
solutions which is related to the magnitude of the Fourier 
descriptor. A difference in phase with a Fourier descriptor that 
has a value close to zero will have little effect on the 
construction of each solution. The difference in phase with a 
Fourier descriptor that has the largest magnitude will have a large 
effect on the construction of each solution. Thus, one method to 
address this condition is to multiply the phase by the magnitude of 
the Fourier descriptor being evaluated. 
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P(u) =I IF ( U )*[F( U ) /IF{u)I]I - G(u)*[G(u)/|G(u)I]I [5.24] 
Where: 
P(u) = Sum of weighted phase difference 
The total measure of the difference between the amplitude and 
phase of the Fourier descriptors may be written: 
Fd(u) = m*M(u) + n*P(u) [5.25] 
Where: 
Fd(u) = Sum of amplitude and phase difference 
n = Weighting applied to phase difference 
m = 1 - n = Weighting applied to amplitude difference 
The weightings are used to address the difference in the 
contribution that the amplitude difference and phase differences 
have to the total difference measure. 
Solution Matching using Momen'ts 
Invariant moments have been used to extract invariant features 
from an image and applied to two-dimensional pattern recognition 
[Hu, 1962] . Applications using invariant moments are many and 
include recognition of letters and numerals of a particular font 
[Hu, 1962], categorization of profusion of opacities in medical 
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chest X, identification of aircraft [Dudani, Bredaing and McGhee, 
1977], and scene matching [Wong and Hall, 1978]. 
The set of seven invariant moments defined by Hu [1962], which 
are invariant to translation, rotation, and scale change, were 
proved for continuous functions. When invariant moments were used 
with discrete data and computed by a computer, variations are to be 
expected based on the size of the rotation, translation, and scale 
change [Wong and Hall, 1978]. Analysis has shown that the effects 
of a scale change by a factor up to two and a rotation of up to 45 
degrees maintain reasonably good results [Hall, Wong, Chen, Sadjade 
and Frei, 1976]. 
Wong and Hall [1978] used a product correlator based on the 
following equation to correlate the seven invariant moments of radar 
sub-images with those computed at each of the test locations in an 
optical search scene: 
R<(u,v) = Z M,N,(u,v)/[ S N--(u,v)]" - [5.26] 
j j j 
Where: 
R K ( U , V ) = Moment correlation 
Ms = jth Invariant moment of image 
Nj = jth Invariant moment of database image 
The highest correlation values identify the most likely matches. 
Wong and Hall also suggest other weighting factors be applied to 
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each of the seven moments before correlation. The values of the 
weighting factors could relate to the information content of the 
frequency distribution of the gray levels of the images. Such a 
method, they suggest, could generate a better and more efficient 
match. 
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CHAPTER S. FUNCTION GENERATION 
Function generation is where the functional requirement is 
the relative motion between links which are connected to the 
ground pivots, or where a specific input position will result in a 
specific output position. The output position of the follower 
crank is typically viewed as the output function with the input 
function being the input position of the drive crank. Other 
function outputs could be the output angle of the connecting rod. 
The output angle of the connecting rod will be discussed in 
Chapter 8 - Motion Generation. 
Figure 6.1 is a plot of the follower crank angle for the 
exemple four-bar mechanism defined in Chapter 4. The follower 
crank angle and the drive crank angle are measured from a 
reference line which passes through the drive crank pivot and the 
follower crank pivot (Figure 6.2). 
The initial follower crank angle and the average follower 
crank angle are dictated by the definition of the reference line 
which passes through the drive crank pivot and the follower crank 
pivot. Any reference line may be used for the definition of the 
follower crank angle. Therefore, the value of the follower crank 
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Figure 6.2: Drive crank angle and follower crank angle 
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angle may be shifted so the average of the follower crank angle 
over the range of motion is zero. 
This will normalize the average value of the curve. 
The initial angle of the follower crank is dictated by the 
initial angle of the drive crank and the reference line that 
passes through the ground pivots. The drive crank angle may be 
set at any initial position and the reference line through the 
ground pivots is arbitrary. Therefore, when the drive crank 
rotates through a complete cycle, the curve may be shifted so the 
largest positive angle of the curve resides at a crank angle of 
zero. 
This will normalize the phase of the curve. Normalizing for the 
average value and the phase for each curve will allow the 
development of a database of curves and the process of matching a 
desired function with the stored database of curves. An important 
aspect to remember is that the number of discrete points used in 
defining the cuirve and in generating transforms must be 
consistent. Figure 6.3 graphs the follower crank angle after 
normalization for the average value. Figure 6.4 graphs the 
N 
Z f(X) = 0 
x=0 
[6.1] 
f (0) = fmax (X) I *.c [ 6 . 2 ]  
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follower crank angle after normalization for the average value and 
for the phase shift due to the initial drive crank angle. 
A one-dimensional Fourier transform is taken of the invariant 
follower crank angle using 128 discrete points. The discrete 
points are taken at each of 128 crank positions ranging from 0 to 
360 degrees. Figure 6.5 is a plot of the magnitude of the Fourier 
transform using equation 4.8. 
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Figure 6.3: Follower crank angle normalized for average value 
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The crank-rocker four-bar mechanisms defined in Hrones and 
Nelson are used To develop a database of curves for testing the 
performance of the various matching techniques. A summary of the 
four-bar mechanisms is found in Tables 6.1, 6.2, 6.3 and 6.4. 
Table 6.1: Summary of dacabase four-bar mechanisms 
Drive Crank Connecting Follower Ground Pivot 
Length Rod Length Crank Length Distance 
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2 . 0  
2.0 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
1.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
1.5 
2 . 0  
2 . 0  
2 . 0  
2.5 
2.5 
2.5 
3.0 
3.0 
3.0 
3.5 
3.5 
3.5 
4.0 
4.0 
4.0 
1.5 
2 . 0  
2 . 0  
2 . 0  
2.5 
2.5 
2.5 
2.5 
2.5 
3.0 
3.0 
3.0 
3.0 
1.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
2 . 0  
1.5 
2 . 0  
2.5 
2 . 0  
2.5 
3.0 
2.5 
3.0 
3.5 
3.0 
3.5 
4.0 
3.5 
4.0 
4.5 
2.5 
2 . 0  
2.5 
3.0 
1.5 
2 . 0  
2.5 
3.0 
3.5 
2 . 0  
2.5 
3.0 
3.5 
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Table 6.2: Summary of database four-bar mechanisms 
Drive Crank Connecting Follower Ground Pivot 
Length Rod Length Crank Length Distance 
1 . 0  
1 . 0  
1 . 0  
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1.0 
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1,0 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3,0 
3.0 
3.0 
3.0 
3,0 
3,0 
3.0 
3.0 
3,0 
3,0 
3.0 
3.0 
3.0 
3.0 
3,0 
3,0 
3,5 
3,5 
3,5 
3,5 
3.0 
3.5 
3,5 
3.5 
3.5 
3,5 
4.0 
4.0 
4.0 
4.0 
4.0 
1.5 
2 , 0  
2 , 0  
2,0 
2.5 
2.5 
2.5 
2.5 
2.5 
3.0 
3.0 
3,0 
3.0 
3.0 
3.0 
3.0 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
1,5 
2 . 0  
2 . 0  
2 . 0  
4.0 
2.5 
3.0 
3.5 
4.0 
4.5 
3.0 
3.5 
4.0 
4.5 
5.0 
3.0 
2.5 
3.0 
3.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
1.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
4.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
3.5 
3,0 
3.5 
4.0 
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Table 6.3: Summary of database four-bar mechanisms 
Drive Crank Connecting Follower Ground Pivot 
Length Rod Length Crank Length Distance 
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1 . 0  
1.0 
1.0 
1.0 
1.0 
1 . 0  
1.0 
1 . 0  
1 . 0  
1 . 0  
1.0 
1 . 0  
1 . 0  
1 . 0  
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
2.5 
2.5 
2.5 
2.5 
2.5 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.0 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
1.5 
2 . 0  
2 . 0  
2 . 0  
2.5 
2.5 
2.5 
2.5 
2.5 
3.0 
3.0 
3.0 
3.0 
3.0 
2.5 
3.0 
3.5 
4.0 
4.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
1.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
2 . 0  
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6 . 0  
4.0 
3.5 
4.0 
4.5 
3.0 
3.5 
4.0 
4.5 
5.0 
2.5 
3.0 
3.5 
4.0 
4.5 
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Table 6.4: Summary of database four-bar mechanisms 
Drive Crank Connecting Follower Ground Pivot 
Length Rod Length Crank Length Distance 
1.0 
1.0 
1 . 0  
1.0 
1.0 
1.0 
1.0 
1.0 
1 . 0  
1 . 0  
1.0 
1 . 0  
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
4.0 
3.0 
3.0 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
5.0 
5.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6 . 0  
6.5 
One hundred and forty five curves were generated with the 
listed configurations and stored in a database on a Personal 
Computer vfith a Pentium® 350 MHz processor running WindowsNT® as 
an operating system. The generation of the solution curves and 
the implementation of the solution comparison and matching 
algorithms were implemented using MATLAB®. The time to generate 
the 145 curves was 251 seconds. Stored in the database were the 
following variables defining the four-bar mechanism and the output 
function: 
Drive Crank Length - Floating point, 32 bits 
Connecting Rod Length - Floating point, 32 bits 
Follower Crank Length - Floating point, 32 bits 
Ground Pivot Distance - Floating point, 32 bits 
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Number of Crank Positions - Integer, 16 bits 
Number of Fourier Descriptors - Integer, 16 bits 
Follower Crank Angle [] - Floating point, 32 bits 
Fourier Descriptors [] - Floating point, 32 bits 
Where: 
[1 - Denotes a vector with a defined length 
For each of the 145 curves stored, there were 128 drive crank 
positions, 16 Fourier Descriptors, and 128 Follower Crank 
positions. A desired curve was selected to search the database 
and to evaluate the performance of each solution comparison and 
matching methods. The desired curve had the following 
configuration: 
Drive Crank Length = 1.0 units 
Connecting Rod Length = 1.5 units 
Follower Crank Length = 2.5 units 
Ground Pivot Distance = 2.5 units 
This curve is stored as the third numbered database curve. The 
graph of the normalized follower crank angle is found in Figure 
6.6. The desired curve was compared with each of the database 
curves and evaluated with the following matching techniques: 
- Normalized cross-correlation 
- Sum of absolute differences 
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Figure 6.6: Plot of normalized follower crank angle of desired 
curve 
- Sum of squared differences 
- Correlation using Fourier transforms 
- Phase-only filter using Fourier transforms 
- Symmetric phase-only matched filter 
- Amplitude difference of Fourier descriptors 
- Amplitude and phase difference of Fourier descriptors 
Normalized Cross Correlation 
Normalized Cross Correlation is a similarity measure and is 
defined by the following equation: 
C(x) = P(x)/Q(x) [ 6 . 3 ]  
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Where: 
P (X) = 2 f (X) *g (X) 
Q(x) = (Z f(x)^*g{x)-)°--
As the cross-ccrrelaticr. is processed, if tv/o functions are very-
similar and match in being either positive or negative then value 
of the denominator will be close to the numerator. Evaluation of 
two functions that match exactly will generate a cross-correlation 
value close of one. Two functions that do not match in sign will 
have a cross correlation less than one. Those functions that are 
positive and negative at each discrete sample will have a cross 
correlation value of one. Figure 6.7 is a graph of the cross-
correlation of the desired function with the 145 database 
functions. Note the total number of functions that are close to 
the value of 1.000. There are 13 database functions which had a 
cross-correlation greater than 0.9999. These 13 database 
functions crossed the ordinate axis at essentially the same 
location as the desired function (database curve number 3). The 
15 database functions which had the largest cross-correlation 
values are listed in Table 6.5. The top 5 matching database 
functions are plotted in Figure 6.8. The desired curve is 
plotted using a point at each of the 128 follower crank positions 
using a *. 
The cross-correlation function defined above identified the 
functions that crossed the ordinate axis most closely with the 
desired function. Obviously the cross-correlation will not 
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Figure 6.7: Graph of cross-correlation of desired function with 
145 database functions. 
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Figure 6.8: Graph of top 5 cross-correlated functions 
131 
Table 6.5: Summary of database search using cross-correlation 
Desired Curve - Database Curve #3 
Search Database Curve Cross-Correlation 
Rank Number Value 
1 3 1.0000 
2 2 1.GGGG 
3 5 1.0000 
4 48 1.0000 
5 4 1.0000 
6 15 0.9999 
7 6 0.9999 
8 12 0.9999 
9 77 0.9999 
10 18 0.9999 
11 34 0.9999 
12 81 0.9999 
13 39 0.9999 
14 25 0.9998 
15 59 0.9998 
identify optimum solutions for function generation. The database 
search took 7.04 seconds of CPU time and 1335 91 FLOPS. A FLOPS 
is a measure of the cumulative number of floating point 
operations. Generally, with MATLAB, additions and subtractions 
are one flop if real and two if complex. Multiplication and 
division count one flop each if the result is real and six flops 
if it is not. Elementary functions count one if real and more if 
complex. 
Svmi of Absolute Differences 
The sum of absolute differences is a difference measure and 
is defined by the following equation: 
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A(x) = Z If(X) g(x) I [6.4] 
As the sum of absolute differences is processed, if two functions 
are very similar the difference will be small. The summing the 
absolute value of the difference eliminates the effect of one 
function being negative and one being positive. Evaluating of two 
functions which match will generate an absolute difference value 
of zero. Two functions which are not similar will generate an 
absolute difference greater than zero. Those functions that are 
very close, regardless of sign - positive or negative, at each 
discrete sample will have a value closer to zero. Figure 6.9 is a 
graph of the absolute difference measure of the desired function 
with the 145 database functions. 
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Figure 6.9: Graph of absolute difference of desired function with 
145 database functions. 
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The top 5 matching database functions are plotted in Figure 6.10. 
The 15 database functions which had the smallest absolute 
differences values are listed in Table 6.6. 
The absolute difference function defined above identified the 
functions which matched point by point most closely with che 
desired function. The database search took 4.016 seconds of CPU 
time and 40 64 6 FLOPS. 
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Figure 6.10: Graph of top 5 absolute difference functions 
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Table 6.6: Summary of database search using absolute difference 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 12 1.9543 
3 87 3.3235 
4 120 3.6927 
5 59 4.0137 
6 53 4.0946 
7 29 4.1520 
8 128 4 .2274 
9 121 4.3854 
10 58 4.9319 
11 34 5.1648 
12 30 5.2951 
13 115 5.3070 
14 33 5.5669 
15 95 5.6249 
S\]in of Squared Differences 
The sum of squared differences is a difference measure and is 
defined by the following equation: 
S(x) = 2  [f(X) - g(x)]' [6.5] 
This difference function is very similar to absolute difference 
function. Squaring the difference prior to the siammation will 
reduce the sum for differences less than one and increase the sum 
for differences greater than one. 
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Figure 6.11 is a graph of the squared difference measure of 
The desired function with the 145 database functions. The 15 
database functions which had the smallest squared differences 
values are listed in Table 6.7. A comparison of the absolute 
difference and squared difference top 15 database functions show 
that 13 of the top 15 functions are the same, but with a slightly 
different order. The database search took 4.22 seconds and 59206 
FLOPS. 
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Figure 6.11: Graph of squared difference of desired function with 
145 database functions. 
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Table 6.7: Summary of database search using squared differences 
Desired Curve - Database Curve #3 
Search Database Curve Squared Difference 
Rank Number Value 
1 3 0.0000 
2 12 0.0508 
3 87 0.1108 
4 120 0.1620 
5 53 0.1697 
6 59 0.1889 
7 128 0.2046 
8 29 0.2050 
9 121 0.2187 
10 34 0.2838 
11 115 0.3016 
12 58 0.3186 
13 81 0.3189 
14 30 0.3337 
15 15 0.3553 
Correlation Using Fourier Descriptors 
Correlation in the Fourier frequency domain is evaluated by 
taking the maximum value of: 
C(x) = 3-' [F*(u) *G(u) ] [6.6] 
Where: 
C{x) = Correlation value of f(x) and g(x) 
F*(u) = Complex conjugate of Fourier transform of f{x) 
G(u) = Fourier transform of g(x) 
137 
Figure 6.12 is a graph of the frequency correlation of the 
desired function with the 145 database functions. Note the 
database functions that are similar to the desired curve have a 
larger correlation value. The 15 database functions which had che 
largest correlation values are listed in Table 6.8. The top 5 
matching database functions are plotted in Figure 6.13. The 
database search took 2.48 seconds of CPU time and 1562564 FLOPS. 
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Figure 6.12: Graph of correlation using Fourier descriptors 
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Figure 6.13: Graph of top 5 functions using correlation 
Table 6.8: Summary of database search using frequency correlation 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 1 22.1263 
2 7 20.8103 
3 8 20.5168 
4 23 20.2539 
5 47 19.9499 
6 27 19.8894 
7 76 19.7546 
8 110 19.6276 
9 56 19.5617 
10 92 19.3566 
11 135 19.2255 
12 24 18.3472 
13 48 17.3493 
14 51 17.2822 
15 77 16.7653 
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Phase-Only Filter 
Phase-only filtering in the Fourier frequency domain is 
evaluated by taking the maximum value of: 
C(x) =3"- { [F"(u)/|F(u) l]*G(u) } [6.7] 
Where: 
|F(u)I = Magnitude of Fourier transform of f(x) 
Figure 6.14 is a graph of the phase-only filter correlation of the 
desired function with the 145 database functions. The 15 database 
functions which had the largest correlation values are listed in 
Table 6.9. The top 5 matching database functions are plotted in 
Figure 6.15. The database search took 2.41 seconds of CPU time 
and 1107991 FLOPS. 
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Figure 6.14: Graph of phase-only filter using Fourier descriptors 
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Figure 6.15: Graph of top 5 functions identified using phase-only 
filter 
Table 6.9: Summary of database search using phase-only filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 1 1.1922 
2 8 1.1277 
3 27 1.1001 
4 56 1.0835 
5 92 1.0722 
6 135 1.0640 
7 7 0.9720 
8 23 0.8924 
9 24 0.8810 
10 47 0.8504 
11 51 0.8384 
12 76 0.8242 
13 85 0.8128 
14 110 0.8064 
15 126 0.7953 
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Syironetric Phase-Only Matched Filter 
Symmetric phase-only matched filtering in the Fourier 
frequency domain is evaluated by taking the maximum value of: 
C(x) =3'- ( [F'(u)/|F(u) |]*G(u)/|G(u) I } [6.8] 
Figure 6.16 is a graph of the phase-only filter 
correlation of the desired function with the 145 database 
functions. The 15 database functions which had the largest 
correlation values are listed in Table 6.10. The top 5 matching 
database functions are plotted in Figure 6.17. The database 
search took 2.56 seconds of CPU time and 1252131 FLOPS. 
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Figure 6.16: Graph of symmetric phase-only matched filtering 
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Figure 6.17: Graph of top 5 functions using symmetric phase-only 
matched filtering 
Table 6.10: Summary of database search using symmetric phase-only 
matched filtering 
Desired Curve - Database Curve #3 
Search Database Curve Cross-Correlation 
Rank Number Value 
1 3 1.0000 
2 15 0-9996 
3 2 0.9994 
4 12 0.9992 
5 5 0.9992 
6 6 0.9981 
7 4 0.9980 
8 29 0.9978 
9 39 0.9973 
10 34 0.9971 
11 18 0.9959 
12 128 0.9959 
13 52 0.9955 
14 139 0.9954 
15 9 0.9952 
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Amplitude Difference of Fourier Descriptors 
The difference of the magnitude of the Fourier descriptors is 
defined by the following equation: 
difference of the desired function with the 145 database 
functions. The 15 database functions which had the smallest 
amplitude difference are listed in Table 6.11. The top 5 matching 
database functions are plotted in Figure 6.19. The database 
search took 6,23 seconds of CPU time and 266212 FLOPS. 
A(u) = Z IF(u) - G{u) I [6.9] 
Figure 6.18 is a graph of the Fourier descriptor amplitude 
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Figure 6.18: Graph of amplitude difference of Fourier descriptors 
144 
g> 10 
-30 
150 200 250 300 
Relative Drive Crank Angle, degrees 
100 350 400 
Figure 6.19: Graph of top 5 functions using amplitude difference 
of Fourier descriptors 
Table 6.11: Summary of database search using amplitude difference 
of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude 
Rank Number Difference 
1 3 0.0000 
2 70 0.0201 
3 14 0.0204 
4 37 0.0220 
5 33 0.0235 
6 137 0.0249 
7 64 0.0311 
8 94 0.0318 
9 102 0.0344 
10 12 0.0386 
11 58 0.0433 
12 127 0.0548 
13 87 0.0548 
14 30 0.0624 
15 29 0.0657 
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Amplitude and Phase Difference of Fourier Descriptors 
The difference of the magnitude of the Fourier descriptors is 
defined by the following equation: 
Fd = I rp*!F{u) - G(u) !+n* I ang (F (u) *F (u)-ang (G (u) *G (u) I [6.10] 
The value used for n was 0.3 and m was 0.7 (see Appendix A). 
Figure 6.20 is a graph of the Fourier descriptor amplitude and 
phase difference of the desired function with the 145 database 
functions. The 15 database functions which had the smallest 
amplitude and phase difference are listed in Table 6.12. The top 
5 matching database functions are plotted in Figure 6.21. The 
database search took 6.33 seconds of CPU time and 266212 FLOPS. 
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Figure 6.20: Graph of amplitude and phase difference of Fourier 
descriptors 
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Figure 6.21: Graph of top 5 functions using amplitude and phase 
difference of Fourier descriptors 
Table 6.12: Summary of database search using amplitude and phase 
difference of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0000 
2 12 0.0741 
3 29 0.1208 
4 87 0.1238 
5 120 0.1307 
6 33 0.1406 
7 58 0.1432 
8 53 0.1435 
9 81 0.1473 
10 30 0.1521 
11 128 0.1521 
12 4 0.1541 
13 59 0.1630 
14 52 0.1673 
15 115 0.1705 
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Pctrtial Curves 
A complete rotation of the drive crank and the resulting 
function output has been evaluated and is applicable only to four-
bar mechanisms where the crank rotates through a full 360 degrees. 
To consider a crank-rocker, a double-crank, or a double-rocker 
four-bar mechanism that rotates through a specified angle, a 
different methodology is required to characterize the output 
function. 
Consider the exemple four-bar mechanism where the drive crank 
only rotates from an angle of 0 degrees to 90 degrees. Figure 
6.22 is a graph of the follower crank angle. Compare this output 
graph to that of Figure 6.1. 
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Figure 6.22; Follower crank angle as a function of drive crank 
angle from 0 to 90 degrees. 
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The initial follower crank angle and the average follower 
crank angle are again affected by the definition of the reference 
line that passes through the drive crank pivot and the follower 
crank pivot. Any reference line may be used for the definition of 
the follower crank angle. Therefore, the value of the follower 
crank angle may be shifted so the average of the follower crank 
angle over the range of motion is zero (equation 6.1). This will 
normalize the average value of the curve. 
With a partial rotation of the drive crank, the relative 
change in the follower crank angle is related to the minimum and 
maximum angular position of the drive crank. Therefore, the curve 
may not be shifted so the largest positive angle of the curve 
resides at a crank angle of zero. As a result, the phase of the 
curve may not be normalized. Figure 6.23 is a graph of the 
follower crank output angle normalized for the average value only. 
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Figure 6.23: Follower crank angle normalized for average value 
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Discrete points were sampled defining the follower crank 
output from the initial drive crank angle to the final drive crank 
angle. The discrete points are based on a constant step, or 
change, of the drive crank angle. The movement of the drive crank 
is assumed to move through a full cycle from the minimum angular 
drive crank position, to the maximum angular drive crank position, 
and back to the minimum drive crank position. This generates a 
series of follower crank output points that is cyclic. A total of 
128 discrete points are used to sample the complete output 
function. 
One hundred and forty five curves were generated with the 
configurations listed in Tables 6.1 through 6.4 with the minimum 
angular drive crank position of 0 degrees and the maximum angular 
drive crank position of 90 degrees. The database structure and 
stored information is the same as with the crank rocker with full 
drive crank motion. A desired curve was selected as the third 
numbered database curve and the configuration is the same as 
detailed on page 127. 
The desired curve was compared with each of the database 
curves and evaluated with the following matching techniques: 
- Sum of absolute differences 
- Fourier descriptor amplitude and phase difference measure 
Partial Curves - StJin of Absolute Differences 
The sum of absolute differences is a difference measure and 
is defined by the following equation: 
A(x) 
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= I |f(x) - g(x)I [6.11] 
Figure 6.24 is a graph of the absolute difference of the 
partial curve with the 145 database functions. The 15 database 
functions which had the smallest absolute difference values are 
listed in Table 6.13. The top 5 matching database functions are 
plotted in Figure 6.25. The database search took 3.97 seconds of 
CPU time and 40647 FLOPS. 
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Figure 6.24: Graph of absolute difference of partial curve with 
145 database functions 
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Figure 6.25: Graph of top 5 functions using absolute difference 
Table 6.13: Summary of database search using absolute difference 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 102 1.4768 
3 64 1.9818 
4 4 2.2210 
5 14 2.7834 
6 11 3.0770 
7 71 3.1209 
8 17 3.1972 
9 33 3.2152 
10 38 3.2800 
11 5 3.6844 
12 20 4.1269 
13 32 4.1439 
14 42 4.2463 
15 2 4.2734 
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Partial Curves - Amplitude and Phase Difference of Foxarier 
Descriptors 
The difference of the magnitude of the Fourier descriptors is 
defined by the following equation: 
Fd = S |F(U) - G{u) I + m* I ang (F (u) *F (u)-ang (G (u) *G (u) | [6.12] 
The value used for n was 0.3. Figure 6.26 is a graph of the 
Fourier descriptor amplitude and phase difference of the desired 
function with the 145 database functions. The 15 database 
functions which had the smallest amplitude and phase difference 
are listed in Table 6.14. The top 5 matching database functions 
are plotted in Figure 6.27. The database search took 6.21 
seconds of CPU time and 267123 FLOPS. 
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Figure 6.26: Graph of amplitude and phase difference of Fourier 
descriptors 
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Figure 6.27: Graph of top 5 functions using amplitude and phase 
difference of Fourier descriptors 
Table 6.14: Summary of database search using amplitude and phase 
difference of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0000 
2 102 0.0387 
3 64 0.0469 
4 4 0.0502 
5 33 0.0524 
6 14 0.0543 
7 71 0.0733 
8 12 0.0764 
9 17 0.0800 
10 38 0.0810 
11 37 0.0828 
12 5 0.0891 
13 20 0.0918 
14 137 0.0975 
15 15 0.0999 
154 
Svunmary 
A comparison of the various techniques for the use of 
invariant characterization, storage and search methods for 
function generation of four-bar mechanisms was generated. Table 
6.15 and Table 6.16 are summaries of the top ten functions 
identified when using file number 3 as a desired solution. 
Entries in Table 6.15 and 6.16 are bold if the identified 
functions are in the top 10 functions identified and match one of 
the top 10 functions identified by the absolute difference 
measure. Entries in Table 6.15 and 6.16 are underlined if the 
identified functions are in the top 5 function identified and 
match one of the top 5 functions identified by the absolute 
difference measure. Table 6.16 is a summary of the time to search 
and compare a desired solution with 145 database curves and the 
number of FLOPS to run the various search methods. The following 
are the various file search methods: 
see - Spatial transform, normalized cross correlation 
SAD - Spatial transform, absolute difference 
SSS - Spatial transform, sum squared difference 
FlC - One-dimensional Fourier correlation 
FIP - One-dimensional Fourier phase only filter 
FISP - One-dimensional Fourier descriptors, symmetric phase-
only matched filter 
FIA - One-dimensional Fourier transform, amplitude 
difference of Fourier descriptors 
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FlAP - One-dimensional Fourier transform, amplitude and 
phase difference of Fourier descriptors 
The amplitude and phase difference of Fourier descriptors was 
the measure of similarity that identified database functions with 
a desired solution that correlated most closely to the spatial 
absolute difference measure. This was found for both full drive 
crank rotation and for partial drive crank rotation. Four of the 
top five solutions were the same as identified with the absolute 
difference measure and 12 of the top 15 curves were the same as 
identified with the absolute difference measure for functions 
generated by full rotation of the drive crank. Four of the top 
five solutions were the same as identified with the absolute 
difference measure and 11 of the top 15 curves were the same as 
identified with the absolute difference measure for functions 
generated by partial rotation of the drive crank. 
The spatial matching techniques required the largest database 
file space while the Fourier transforms required a fraction of the 
spatial file space. The Fourier transform matching techniques 
required slightly less time to generate database files and 
required more time for searching a database. 
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Table 6.15: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - full drive crank rotation 
Top 
Ranked 
File No.l 2 3 4 5 6 7 8 9 10 
see 3 2 5 48 4 15 6 12 77 18 
SAD 3 12 §2 59 53 29 128 121 58 
SSS 3 12 82 120 53 59 128 29 121 34 
FlC 1 7 8 23 47 27 76 110 56 92 
FIP 1 8 27 56 92 135 7 23 24 47 
FISP 3 15 2^ 5 6 4 29 39 34 
FIA 3 70 14 37 33 137 64 94 102 12 
FlAP 3 12 29 87 120 33 58 53 81 30 
Table 6.16: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - partial drive crank rotation 
Top 
Ranked 
File No. 12 3 4 5 6 7 8 9 10 
SAD 3 102 64 4 14 11 71 17 33 38 
FlAP 3 102 64 4 33 14 71 12 17 38 
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Table 6.17: Performance of various methods to generate 145 
solutions and to search and identify similar solutions 
Top Time Time FLOPS 
Ranked to Generate to Search to Search 
File No. 145 Files (sec) 145 Files (sec) 145 Files 
see 260 6.54 133591 
SAD 260 3.10 40646 
SSS 260 3.28 59206 
Fie 275 1.53 1562564 
FIP 275 1.51 1107991 
FISP 275 1.59 1252131 
FIA 275 5.40 266212 
FlAP 275 5.40 266212 
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CHAPTER 7. PATH GENERATION 
Path generation is where the functional requirement is the 
output path of a trace point that is typically on a coupler link. 
The path, or position, velocity and acceleration of the trace 
point is typically viewed as the output with the input being the 
position, velocity and/or acceleration of the drive crank. 
Figure 7.1 is a plot of the trace point path for the example 
crank-rocker four-bar mechanism that was been defined in Chapter 
4. The position and orientation of the trace point path is based 
off the position of the drive crank ground pivot and the reference 
line which passes through the drive crank pivot and the follower 
crank pivot (Figure 6.2), 
The initial drive crank angle has an effect on the starting 
point for the trace point curve. As the drive crank rotates 
through its complete cycle, the trace point is driven through a 
path that is cyclical with the drive crank. The trace point path 
will generate a closed curve. The initial drive crank angle does 
not have an effect on the form of the trace point path. 
The position, rotation and scale of the trace point curve are 
affected by the position of the drive crank ground pivot, the 
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Figure 7.1: Example four-bar mechanism trace point path 
angle of the reference line which passes through the drive crank 
pivot and the follower crank pivot, and the relative size of the 
four-bar linkage. The relative size of the four bar linkage may 
be scaled, larger or smaller, if all five of the link dimensions -
drive crank length, connecting rod length, follower crank length, 
ground pivot length, and trace point distance, are scaled by the 
same factor. 
To normalize the trace point path for position, each of the 
points in the path are translated through the application of the 
following spatial transformation: 
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Pix'  = Pix - Xcen [7.1] 
Piy'  = Piy - Ycen [7.2] 
To normalize the trace point path for scale, each of the 
points in the path are scalea through the application of the 
following scaling transformation: 
Pix'  '  = Pix '  / Rmax [7.3] 
Piy" = Piy '  / Rmax [7.4] 
Where: 
Rmax = Maximum [ (Pi* '-Xcen) ^ + (Piy '-Ycen)^]°'^ [7.5] 
To normalize the trace point path for rotation, each of the 
points in the path are rotated through the application of the 
following spatial transformation: 
Pix'"  = Pix"*cos0 + Piy"*sin0 [7.6] 
Piy'"  = Pix"*sin0 -  Piy"cos0 [7.7] 
After the application of these spatial transformations, the trace 
point path is invariant to the original path position, rotation 
and scale. As with function generation, an important aspect is 
that the number of discrete points used in defining the curve and 
in generating transforms must be consistent. The distances 
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between discrete points on the trace point path are defined by a 
constant rotation of the drive crank angle. As a result, the 
points on the trace point path are not spaced equally. Therefore, 
the distances between the points are normalized to establish a 
consistent distance between each point; this was not the case with 
function generation. Figure 7.2 graphs the trace point path after 
normalization for position, rotation, scale and point 
distribution. 
Normalizing the trace point path for each four-bar mechanism 
will allow the development of a database of curves and the 
establishment of a process of matching a desired path g(x,y) with 
the stored database of curves. Each of the database curves are 
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Figure 7.2: Normalized trace point path 
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generated with a consistent number of discrete points. The number 
of Fourier descriptors are also consistent for each of the 
database curves and the desired curve defined. 
A one dimensional Fourier transform, equation 4.8, is taken 
of the trace point path using 128 discrete points viewing each of 
the path points as a complex number. In this study, there will be 
16 Fourier descriptors stored for each curve. Figure 3.22 is a 
plot of the Fourier spectrum of the invariant trace point path. 
Table 7.1 is a listing of the top 16 Fourier descriptors of the 
invariant trace point path for the example. 
To develop a database of paths for testing the performance of 
the various matching techniques, the crank-rocker, four-bar 
Table 7.1: Top 16 Fourier descriptors of example trace point path 
Fourier Coefficient 
Number Real Imaginary 
F{u) 
11 
12 
122 
123 
124 
125 
126 
127 
2 
3 
4 
5 
6 
7 
8 
9 
0.6495 0.0314i 
-0.0075 -O.OSOli 
0.0671 -0.0241i 
0.0045 0.0075i 
0.0121 -O.OllOi 
0.0079 o.oosai  
0.0010 -0.0022i 
0.0053 0.0013i 
0.0021 -0.0031 
0.0006 0.00161 
0.0001 -0.00161 
-0.0014 -0.00381 
0.0058 -0.00351 
-0.0058 -0.00631 
0.0380 -0.05131 
0.2204 0.10401 
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mechanisms defined in Hrones and Nelson [1951] are used. A 
suinmary of the drive crank length, connecting rod length, follower 
crank length and ground pivot distance is given in Tables 6.1, 
6.2, 6.3, and 6.4. 
In addicion to che base configuration of the four-bar 
mechanism, a grid configuration is fixed to each of the 145 four-
bar configurations. The grid configuration generates a set of 
trace points for each four-bar configuration (see Figure 3.2). 
The distance between each of the grid points is defined by the 
number of grid points located from the ends of the connecting rod. 
In Figure 3.2, there are 6 grid points located from each end of 
the connecting rod. If the connecting rod had a length 5 units, 
the minimum distance between each grid point would be one unit. 
Each grid is consistent in the fact that there are 5 rows of 
grid points. What varies with each of the four-bar mechanisms is 
the number of columns of grid points. The number of columns will 
be evaluated with the following equation: 
TC = GPL + GPC + GPR [7.8] 
Where: 
TC = Total number of columns 
GPL = Grid points to the left of connecting rod 
GPC = Grid points between each end of the connecting rod 
GPR = Grid points to the right of the connecting rod 
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For Figure 3.2 there are 10 columns, with 2 grid points to the 
left of the connecting rod, 6 points between each end of the 
connecting rod, and 2 grid points to the right of the connecting 
rod. 
Table 7.2 lists the grid point configuration for each of the 
database four-bar mechanisms. 
Each grid point for a four bar mechanism generates a database 
file. A database file is not generated for the end of the drive 
crank as a simple circle will be generated for the path. In 
addition, a database file is not generated for the end of the 
follower crank as a simple arc is generated for the path. 
Therefore, for a four-bar mechanism with a connecting rod with a 
length of 1.5, there will be 5*(2+4+2)-2 = 38 database files 
generated. For the 145 four-bar mechanisms listed in Tables 6.1, 
6.2, 6.3, and 6.4, there will be a total of 7,475 database files 
generated. 
Table 7.2: Summary of grid configuration of database four-bar 
mechanisms 
Connecting Rod 
Length GPL GPC GPR 
1.5 2 4 2 
2.0 2 5 2 
2.5 2 6 2 
3.0 2 7 2 
3.5 2 8 2 
4.0 2 9 2 
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Seven thousand four hundred and seventy five database files 
were generated with the listed configuration and stored in a 
database on a personal computer with a Pentium® 350 MHz processor 
running WindowsNT® as an operating system. The time to generate 
the 7,475 database files varied greatly depending on the 
information required for each matching technique. Stored in the 
databases were the following variables defining the four-bar 
mechanism and the output path: 
Drive Crank Length - Floating point, 32 bits 
Connecting Rod Length - Floating point, 32 bits 
Follower Crank Length - Floating point, 32 bits 
Ground Pivot Distance - Floating point, 32 bits 
Trace Point Distance - Floating point, 32 bits 
Trace Point Angle - Floating point, 32 bits 
Number of Crank Positions - Integer, 16 bits 
Number of Fourier Descriptors - Integer, 16 bits 
Trace Point Path [] - Floating point, 2 x 32 bits 
Fourier Descriptors [] - Floating point, 32 bits 
Invariant Moments [] - Floating point, 32 bits 
Where: 
[] - Denotes a vector with a defined length 
A desired curve was selected to search the database and to 
evaluate performance of each of the solution matching measures. 
The desired curve had the following configuration: 
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Drive Crank Length 
Connecting Rod Length 
Follower Crank Length 
Ground Pivot Distance 
Trace Point Distance 
Trace Point Angle 
1.0 units 
1.5 units 
1.5 units 
1.5 units 
1.6G2 units 
0.588 radians 
This curve was stored as the third numbered database curve. The 
graph of the normalized trace point path is found in Figure 7.3. 
The desired path will be taken and compared with each of the 
database solutions and evaluated with the following matching 
measures: 
0.8 
0.6 
0.4 
0.2 
a. 
> 
-0.2 
-0.4 
-0.6 
-0.8 
0.5 -0.5 
X Positon 
Figure 7.3: Plot of normalized desired trace point path 
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- Sum of absolute differences 
- Sum of squared differences 
- Correlation using Fourier descriptors 
- Phase-only filter using Fourier descriptors 
- Symmetric phase-only matched filter using one-dimensional 
Fourier descriptors 
- Symmetric phase-only matched filter using two-dimensional 
Fourier descriptors 
- Amplitude and phase difference using Fourier descriptors 
- Product correlation based on invariant moments 
Svun of Absolute Differences 
The sum of the absolute difference when used with the trace 
point path is defined by the following equation: 
A(x,y) = Z {[{fx(0) -gx(0)]' + [{fy(0) -gy(e)]'}°-' [7.9] 
Where: 
fx(0) = X position of database path at a point 
fy(0) = Y position of database path at a point 
gx(0) = X position of desired path at a point 
gy{0) = Y position of desired path at a point 
As the sum of the absolute differences is processed, the absolute 
distance between a specified point in the database path and the 
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desired path is evaluated. Evaluation of two trace point paths 
that match will generate an absolute difference value close to 
zero. Two paths that are not similar have an absolute difference 
value greater than zero. Figure 7.4 is a graph of the absolute 
difference measure of the desired trace point path with the first 
145 of the total 7,425 database paths. The top 5 matching 
database paths are plotted in Figure 7.5. The 15 database paths 
which had the smallest absolute difference values are listed in 
Table 7.3. 
The absolute difference measure, defined for a two 
dimensional path, analyzed point by point the curves that most 
closely matched the desired trace point path. The database search 
took 6.34 seconds of CPU time and 133,447 FLOPS. 
Table 7.3: Summary of database search of trace point paths using 
absolute differences 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 2 1.9380 
3 40 2.7016 
4 47 3.6223 
5 85 3.8841 
6 123 4.1691 
7 9 4.5882 
8 55 4.9861 
9 93 5.0443 
10 131 5.1391 
11 77 6.3275 
12 17 6.3615 
13 115 6.4063 
14 39 6.6065 
15 137 6.9945 
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Figure 7.4: Graph of absolute difference of desired trace point 
path with 145 database trace point paths 
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Figure 7.5: Graph of the top 5 database trace point paths 
identified by absolute differences 
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Sum of Squared Differences 
The sum of the squared differences when used with the trace 
point path is defined by the following equation: 
A(x,y) = 1 {[(fxO) -gx(0)]' + [{fy(0) -gy(e)]'} [7.10] 
Where: 
fx(0) = X position of database path at a point 
fy(9) = y position of database path at a point 
gx{0) = X position of desired path at a point 
gy(0) = Y position of desired path at a point 
As the sum of the squared differences is processed, the absolute 
distance between a specified point in the database path and the 
desired path is evaluated and squared. Evaluation of two trace 
point paths that match will generate a squared difference value 
close to zero. Two paths that are not similar have a squared 
difference value greater than zero. 
Figure 7.6 is a graph of the squared difference measure of 
the desired trace point path with the first 145 of the total 7,450 
database paths. The top 5 matching database paths are plotted in 
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Figure 7.7. The 15 database paths which had the smallest squared 
difference values are listed in Table 7.4. 
The squared difference measure, defined for a two dimensional 
path, analyzed point by point the curves that most closely matched 
the desired trace point path and squared the difference. The top 
15 trace point paths identifxed using squared difference measure 
were the same as the top 15 trace point paths identified using the 
absolute difference measure although there were several paths that 
had a different rank. The database search took 7.42 seconds of 
CPU time and 114,887 FLOPS. 
Table 7.4: Summary of database search of trace poxnt paths using 
squared difference 
Desired Curve - Database Curve #3 
Search Database Curve Squared Difference 
Rank Number Value 
1 3 0.0000 
2 2 0.0380 
3 40 0.0752 
4 47 0.1334 
5 85 0.1588 
6 123 0.1936 
7 9 0.2471 
8 55 0.2525 
9 93 0.2636 
10 131 0.2850 
11 77 0.3987 
12 39 0.4279 
13 115 0.4414 
14 1 0.4766 
15 17 0.4890 
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Figure 7,6: Graph of squared difference of desired trace point 
path with 145 database trace point paths 
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Figure 7.7: Graph of the top 5 database trace point paths 
identified by squared difference 
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One-Dimensional Correlation using Fourier Descriptors 
Correlation in the Fourier frequency domain is evaluated by 
taking the maximum value of: 
C{x) = [F'{u)*G(u) ] [7.11] 
Where: 
F'(U) = Complex conjugate of Fourier transform of f(x) 
G(u) = Fourier transform of g(x) 
C(x) = Correlation value of f(x) and g(x) 
Each point of the trace path curve (x,y) defines a complex 
number x + iy to support the evaluation of the two dimensional 
trace point plot by a one-dimensional Fourier transform. The top 
16 Fourier descriptors were identified and then stored with the 
file of the four-bar mechanism configuration. 
Figure 7,8 is a graph of the frequency correlation of the 
desired trace point path with the 145 database trace point paths. 
The 15 database trace point paths which had the largest 
correlation values are listed in Table 7.5. The top 5 matching 
database trace point paths are plotted in Figure 7.9. The 
database search took 5.33 seconds of CPU time and 113,868 FLOPS. 
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Figure 7.8: Graph of the correlation using Fourier descriptors of 
the desired trace point path with 145 database trace 
point paths 
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Figure 7.9: Graph of the top 5 database trace point paths 
identified using correlation of Fourier descriptors 
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Table 7.5: Summary of database search of trace point paths using 
correlation of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 11 86. 93 
2 49 86.35 
3 87 85 .81 
4 125 85. 44 
5 132 84 .88 
6 94 84.49 
7 56 83. 90 
8 124 82.88 
9 18 82.82 
10 86 82. 69 
11 48 82.49 
12 10 82.19 
13 133 80.80 
14 95 80.54 
15 139 80.51 
One-Dimensional Phase-Only Filter 
Phase-only filtering in the Fourier frequency domain is 
evaluated by taking the maximum value of: 
C{x) =3"^ { [F*(u)/|F{u) I ]*G(u) } [7.12] 
Where: 
|F(u)| = Magnitude of Fourier transform of f(x) 
Figure 7.10 is a graph of the phase-only filter correlation 
of the desired trace point path with the 145 database trace point 
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paths. The 15 database paths which had the largest correlation 
values are listed in Table 7.6. The top 5 matching database trace 
point paths are plotted in Figure 7.11. The database search took 
2.32 seconds of CPU time and 1,126,553 FLOPS. 
Table 7.6: Summary of database search of trace point paths using 
phase-only filter 
Desired Curve -- Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 4 1.1330 
2 3 1.1260 
3 1 1.1251 
4 2 1.1218 
5 9 1.1084 
6 31 1.0977 
7 12 1.0966 
8 5 1.0961 
9 13 1.0954 
10 17 1.0902 
11 23 1.0862 
12 39 1.0861 
13 10 1.0859 
14 40 1.0858 
15 41 1.0807 
One-Dimensional Symmetric Phase-Only Matched Filter 
Symmetric phase-only matched filtering in the Fourier 
frequency domain is evaluated by taking the maximum of: 
C(x) =3"- {[F*(u)/lF(u) |]*[G(u)/|G(u) I]} 
Where: 
[7.13] 
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Figure 7.10: Graph of the correlation using phase-only filter 
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Figure 7.11: Graph of the top 5 database trace point paths 
identified by using a phase-only filter 
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|F(u) I = Magnitude of Fourier transform of f (x) 
(G(u)I = Magnitude of Fourier transform of g(x) 
Figure 7.12 is a graph of the symmetric phase-only filter 
correlation of the desired trace point path with the 145 database 
paths. The 15 database trace point paths that had the largest 
correlation values are listed in Table 7.7. The top 5 matching 
database paths are plotted in Figure 7.13. Note should be taken 
of the one trace point path that appears to be a mirror image; 
this path is from database curve number 4. This path has the 
largest radius, Rmax, approximately 180 degrees from curve number 
3. The database search took 2.37 seconds of CPU time and 
1,252,133 FLOPS. 
Table 7.7: Summary of database search of trace point paths using 
symmetric phase-only matched filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 1.0000 
2 2 0.9959 
3 86 0 .9916 
4 48 0.9883 
5 10 0.9860 
6 40 0.9854 
7 47 0.9791 
8 39 0.9791 
9 1 0.9763 
10 85 0.9744 
11 9 0.9715 
12 123 0.9713 
13 124 0.9703 
14 93 0.9701 
15 131 0.9668 
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Figure 7.12: Graph of the correlation using symmetric phase-only 
matched filter 
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Figure 7.13: Graph of the top 5 database trace point paths 
identified using a symmetric phase-only matched 
filter 
180 
Amplitude Difference of Fourier Descriptors 
The difference of the magnitude of the Fourier descriptors is 
defined by the following equation: 
Figure 7.14 is a graph of the Fourier descriptor amplitude phase 
difference of the desired trace point path with the 145 database 
functions. The 15 database trace point paths that had the 
smallest amplitude difference are listed in Table 7.8. The top 5 
matching database paths are plotted in Figure 7.15. Note the 
trace point paths 180° out of phase, Curves 12 and 41. The 
database search took 6.44 seconds of CPU time and 267,309 FLOPS. 
A(u)=S 1 F(u) - G(u) I [7.14] 
1.5 
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Figure 7.14: Graph of amplitude difference of Fourier descriptors 
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Figure 7.15: Graph of top 5 database trace point paths using 
amplitude difference of Fourier descriptors 
Table 7.8: Summary of database search using amplitude difference 
of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude Difference 
Rank Number Value 
1 3 0.000 
2 2 3.293 
3 12 5.821 
4 40 7.257 
5 41 7.829 
6 9 8.348 
7 47 8.622 
8 78 9.445 
9 85 9.749 
10 50 10.217 
11 123 10.342 
12 55 11.249 
13 116 11.280 
14 79 11.726 
15 88 11.826 
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Amplitude and Phase Difference of Foiarier Descriptors 
The difference of the magnitude of the Fourier descriptors is 
defined by the following equation: 
Fd = I m*(F(u) -G(u)| +n* I ang (F(u) *F(u) -ang (G(u)*G(u) | [7.15] 
The value used for n was 0.3 and m was 0.7. Figure 7.16 is a 
graph of the Fourier descriptor amplitude and phase difference of 
the desired trace point path with the 145 database functions. The 
15 database trace point paths that had the smallest amplitude and 
phase difference are listed in Table 7.9. The top 5 matching 
database trace point paths are plotted in Figure 7.17. The 
database search took 6.20 seconds of CPU time and 267,309 FLOPS. 
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Figure 7,16: Graph of amplitude and phase difference of Fourier 
descriptors 
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Figure 7.17: Graph of top 5 trace point paths using amplitude and 
phase difference of Fourier descriptors 
Table 7.9: Summary of database search using amplitude and phase 
difference of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and 
Rank Number Difference 
1 3 0.000 
2 2 4.564 
3 40 9.157 
4 47 11.144 
5 9 11.652 
6 85 12.696 
7 123 13.582 
8 55 14.742 
9 12 15.021 
10 39 15.026 
11 93 15.529 
12 131 15.997 
13 77 16.823 
14 41 16.835 
15 17 16.888 
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Correlation with Two-Dimensional Fourier Transform 
Correlation in the Fourier frequency domain using a two-
dimensional Fourier Transform, equation 4.11, is evaluated by-
taking the maximum value of: 
C(x) = 3-' [F' (u) *G(u) ] [7.16] 
The top 16 Fourier Descriptors are stored in the database to 
compare with the one-dimensional Fourier transforms. 
Figure 7.18 is a graph of the frequency correlation of 
the desired trace point path with the 145 database functions. The 
15 database paths that had the largest correlation values are 
listed in Table 7.10. The top 5 matching database trace point 
paths are plotted in Figure 7.19. The database search took 11.43 
seconds of CPU time and 207,808,187 FLOPS. 
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Figure 7.18: Graph of the correlation using Fourier descriptors of 
the desired trace point path with 145 database trace 
point paths 
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Figure 7.19; Graph of the top 5 database trace point paths 
identified using correlation of Fourier descriptors 
Table 7.10: Summary of database search of trace point paths using 
correlation of Fourier descriptors 
Desired Curve - Database Curve #81 
Search Database Curve Correlation 
Rank Number Value 
1 3 3.2803 
2 40 2.4811 
3 47 2.4177 
4 85 2.4168 
5 123 2.3956 
6 2 2.2615 
7 93 2.2167 
8 131 2.1988 
9 77 2.1872 
10 115 2.1828 
11 39 2.1749 
12 137 2.1466 
13 99 2.1407 
14 7 1.9855 
15 27 1.9537 
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Phase-Only Filter with Two-Dimensional Fourier Transform 
Phase-only filtering in the Fourier frequency domain is 
evaluated by taking the maximum value of: 
C(x! =3"' { [F'(u) / ! F(u) ! ] *G(u) } [7.17] 
Figure 7.20 is a graph of the phase-only filter correlation 
of the desired trace point path with the 145 database trace point 
paths. The 15 database paths that had the largest correlation 
values are listed in Table 7.11. The top 5 matching database 
trace point paths are plotted in Figure 7,21. The database 
search took 11.56 seconds of CPU time and 208,068,283 FLOPS. 
Table 7,11: Summary of database search of trace point paths using 
phase-only filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 0.0530 
2 40 0,0352 
3 85 0,0340 
4 47 0.0340 
5 123 0.0336 
6 2 0.0307 
7 93 0.0301 
8 131 0.0297 
9 77 0.0287 
10 115 0.0286 
11 39 0.0284 
12 137 0.0280 
13 99 0.0278 
14 7 0.0263 
15 27 0.0248 
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Figure 7.20: Graph of correlation using phase-only filter 
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Figure 7.21: Graph of top 5 database trace point paths identified 
by using a phase-only filter 
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Symmetric Phase-Only Matched Filter with Two-Dimensional 
Fourier Transforms 
Symmetric phase-only matched filtering in the Fourier 
frequency domain is evaluated by taking the maximum of: 
C(x) =3"- {[F'(u)/|F(u) |]*[G{u)/|G(u) I]} [7.18] 
Figure 7.22 is a graph of the symmetric phase-only filter 
correlation of the desired trace point path with the 145 database 
paths. The 15 database trace point paths that had the largest 
correlation values are listed in Table 7.12. The top 5 matching 
database paths are plotted in Figure 7.23. The database search 
took 20.89 seconds of CPU time and 251,050,075 FLOPS. 
Table 7.12: Summary of database search of trace point paths using 
symmetric phase-only matched filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 1.0000 
2 47 0.9996 
3 93 0.9994 
4 85 0.9994 
5 40 0.9994 
6 131 0.9993 
7 115 0.9993 
8 99 0.9992 
9 117 0.9992 
10 77 0.9992 
11 123 0.9992 
12 139 0.9991 
13 106 0.9991 
14 25 0.9991 
15 78 0.9991 
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Figure 7.22: Graph of the correlation using symmetric phase-only 
matched filter 
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Figure 7.23: Graph of the top 5 database trace point paths 
identified using symmetric phase-only matched filter 
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Momen't Normalized Cross Correlation 
Pattern matching using seven invariant moments may be 
evaluated by the following [Wong and Hall, 1978]: 
= I M^NJ/[ S [7.19] 
j j j 
Where: 
R = Moment correlation 
Ml = jth Invariant moment of desired image 
N- = jth Invariant moment of database image 
There were seven invariant moments stored in the database for 
each of the trace point paths (Chapter 4, equations 4.56-4.62). 
Figure 7.24 is a graph of the moment correlation of the 
desired trace point path with the 145 database trace point paths. 
The 15 database paths that had the largest correlation values are 
listed in Table 7,13. The top 5 matching database trace point 
paths are plotted in Figure 7.25. The database search took 1.97 
seconds of CPU time and 10051 FLOPS. 
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Table 7.13: Summary of database search of trace point paths using 
invariant moments and normalized cross correlation 
Desired Curve - Database Curve #3 
Search Database Curve Moment Correlation 
Rank Number Value 
1 3 1.0000 
2 133 0.9969 
3 50 0.9957 
4 12 0.9900 
5 70 0.9766 
6 137 0.9708 
7 107 0.9548 
8 69 0-9437 
9 75 0.9412 
10 61 0.9248 
11 145 0.9185 
12 116 0.9165 
13 23 0.9152 
14 31 0.9102 
15 29 0.8917 
20 40 60 80 100 120 140 
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Figure 7.24: Graph of the correlation using invariant moments and 
normalized cross correlation 
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Figure 1.25: Graph of the top 5 database trace point paths 
identified using invariant moments and normalized 
cross correlation 
Moment Svim of Percentage Difference 
Pattern matching using the seven invariant moments may be 
evaluated by the following; 
S = exp [ S (|M^ - Nsl/M^)] [7.20] 
j 
Where: 
S = Moment correlation 
Mj = jth Invariant moment of image 
Nj = jth Invariant moment of database image 
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The highest correlation values identify the most likely matches. 
This type of matching technique provides a correlation number that 
is between zero and one. A perfect match will have a correlation 
of 1.0. Each invariant moment has an effect on the correlation. 
Figure 7.26 is a graph of the moment correlation of the 
desirea rrace point path with the 145 database functions. The 15 
database trace point paths that had the largest correlation values 
are listed in Table 7.14. The top 5 matching database trace point 
paths are plotted in Figure 7.27. The database search took 1.96 
seconds of CPU time and 6427 FLOPS. 
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Figure 7.26: Graph of the correlation using invariant moments and 
sum of percentage difference 
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Figure 7.27: Graph of the top 5 database trace point paths 
identified using invariant moments and sum of 
percentage difference 
Table 7.14: Summary of database search of trace point paths using 
invariant moments and sum of percentage difference 
Desired Curve - Database Curve #3 
Search Database Curve Moment Correlation 
Rank Number Value 
1 3 1.0000 
2 32 0.0403 
3 88 0.0308 
4 70 0.0295 
5 137 0.0226 
6 23 0.0223 
7 133 0.0202 
8 107 0.0189 
9 69 0.0188 
10 31 0.0184 
11 131 0.0173 
12 145 0.0173 
13 102 0.0172 
14 61 0.0172 
15 57 0.0169 
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Partial Caarves 
A complete rotation of the drive crank and the resulting 
trace point path has been evaluated for path generation four-bar 
mechanisms. The trace point path has been a closed curve and is 
applicable only to four-bar mechanisms where the drive crank 
rotates a complete 360 degrees. A different methodology is 
required to characterize the output path of a crank-rocker, a 
double-crank, or double-rocker four-bar mechanisms that only 
rotate through a specified angle and generate trace point paths 
that are not closed. 
Consider the example four-bar mechanism where the drive crank 
only rotates from an angle of 0 degrees to 90 degrees. Figure 
7.28 is a graph of the trace point path. Compare this trace point 
path to that of Figure 7.1. 
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Figure 7.28: Trace point path resulting from the drive crank angle 
from moving from 0 to 90 degrees. 
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The trace point path and its relationship to the drive crank 
angle are not of interest when searching for trace point paths 
stored in a database. As a result the trace point path is sampled 
from one end of the path, end point "A" , to the other end of the 
path, end point "B" in equal segments. The trace point path is 
Chen sampled from end point "3" back tc end point "A" in equal 
steps. This generates a series of x and y coordinates that are 
cyclic. A total of 128 discrete points were used to sample the 
complete trace point path. This process generates a series of 
points that may be normalized for translation, rotation and scale 
in the same manner that a closed trace point path. Figure 7.29 is 
a graph of the trace point path normalized for position, rotation, 
scale and point distribution. Note that while there are only 64 
discrete points that may be visually identified on the trace point 
path, there are actually 128 discrete points used in the 
definition of the path. 
A database of 7,475 trace point paths was generated with the 
configurations described earlier in this chapter. The drive crank 
angle was a minimum of 0 degrees and a maximum of 90 degrees. The 
database structure and information stored is the same as with the 
crank rocker with full drive crank motion. A desired curve was 
selected as the third numbered database curve and the 
configuration is the same as defined on page 145. 
The desired curve was compared with each of the first 150 
database curves and evaluated with the following matching 
techniques: 
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Figure 7.29: Trace point path normalized for position, rotation, 
and scale 
- Sum of absolute differences 
- Fourier descriptor amplitude and phase difference measure 
- Two-dimensional Fourier descriptors with symmetric phase 
only matched filtering. 
Partial Curves - Sian of Absolute Differences 
The sum of absolute differences is a difference measure and 
is defined by equation 7.8. The starting point for evaluating the 
absolute difference is always at the point on the curve that lies 
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on the X-axis and has a x and y value of 1.0 and 0.0 respectively. 
Figure 7.30 is a graph of the absolute difference of the partial 
trace point path with the 145 database partial trace point paths. 
The 15 database partial trace point paths that had the smallest 
absolute difference values are listed in Table 7.15. The top 5 
matching database partial trace point curves are pioctea in Figure 
7.31. The database search took 6.41 seconds of CPU time and 
133,447 FLOPS. 
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Figure 7.30: Graph of absolute difference of partial curve path 
with 145 database trace point paths 
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Figure 7.31: Graph of the top 5 database partial trace point paths 
identified by absolute difference 
Table 7.15: Summary of database search of partial trace point 
paths using absolute difference 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 50 1.3375 
3 49 5.7995 
4 88 5.8419 
5 10 5.9706 
6 4 7 .2782 
7 2 7.4143 
8 134 7.8362 
9 126 7 .8481 
10 87 7.9162 
11 51 7.9202 
12 11 8.0683 
13 133 8.6225 
14 125 8.7809 
15 18 9.2137 
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Partial Curves - Amplitude and Phase Difference of 
Fourier Descriptors 
The difference of the magnitude and phase of the Fourier 
descriptors is defined by equation 7.13. The value used for "n" 
was 0.3. Figure 7.32 is a graph of the Fourier descriptor 
amplitude and phase difference of the desired partial trace point 
path with the 145 database partial trace point paths. The 15 
database partial trace point paths that had the smallest amplitude 
and phase difference are listed in Table 7.16. The top 5 matching 
database partial trace point paths are plotted in Figure 7.33. 
The database search took 6.64 seconds of CPU time and 267,614 
FLOPS. 
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Figure 7.32: Graph of amplitude and phase difference of Fourier 
descriptors 
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Figure 7.33: Graph of top 5 partial trace point paths identified 
using amplitude and phase difference 
Table 7.16: Summary of database search of partial trace point 
paths using amplitude and phase difference 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0000 
2 50 0.0430 
3 133 0.1652 
4 88 0.1698 
5 11 0.1780 
6 49 0.1794 
7 4 0.2063 
8 10 0.2106 
9 2 0.2132 
10 126 0.2301 
11 34 0.2325 
12 51 0.2566 
13 95 0.2616 
14 87 0.2640 
15 134 0.2811 
202 
Partial Curves - Symmetric Phase-Only Matched Filter with 
Two-Dimensional Fourier Transforms 
Symmetric phase-only matched filtering in the Fourier 
frequency domain is evaluated by taking the maximum of equation 
7.15. Figure 7.34 is a graph of the symmetric phase-only filter 
correlation of the desired partial trace point path with the 145 
database partial trace point paths. The 15 database partial trace 
point paths that had the largest correlation values are listed in 
Table 7.17. The top 5 matching database partial trace point paths 
are plotted in Figure 7.35. The database search took 2.41 seconds 
of CPU time and 1,252,133 FLOPS. 
0.86 -
0.84 -
0.82 -
081 1 1 1 1 1 1 1— 
20 40 60 80 100 120 140 
Database Curve Number 
Figure 7.34: Graph of correlation using symmetric phase only 
matched filter correlation 
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Figure 7.35: Graph of top 5 partial trace point paths identified 
using synunetric phase only matched filter 
Table 7.17: Summary of database search of partial trace point 
paths using symmetric phase only matched filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 1.0000 
2 50 0.9999 
3 133 0.9989 
4 88 0.9985 
5 95 0.9981 
6 4 0.9978 
7 11 0.9975 
8 42 0.9973 
9 126 0.9962 
10 49 0.9951 
11 127 0.9950 
12 57 0.9949 
13 43 0.9932 
14 89 0.9916 
15 2 0.9904 
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Summary 
A comparison of the various techniques for the use of 
invariant characterization, storage, and search methods for path 
generation of four-bar mechanisms was generated. Tables 7.18 and 
7.19 are summaries of the top ten trace point paths identified 
when using file number 3 as a desired solution. Entries in table 
7.18 and 7.19 are bold if the identified trace point paths are in 
the top 10 trace point paths identified by the absolute difference 
measure. Entries in table 7.18 and 7.19 are underlined if the 
identified trace point paths are in the top 5 trace point paths 
identified and match one of the top 5 trace point paths identified 
by the absolute difference measure. Table 7.20 is a summary of 
the time to generate 145 solutions to be filed, the time to search 
145 curves and the number of FLOPS to run the various search 
techniques. The following are the various file search methods: 
SAD - Spatial transform, absolute difference 
SSS - Spatial transform, sum squared 
FlC - One-dimensional Fourier correlation 
FIP - One-dimensional Fourier phase only filter 
FISP - One-dimensional Fourier descriptors, symmetric phase 
only matched filer 
FIA - One-dimensional Fourier transform, amplitude 
difference of Fourier descriptors 
FlAP - One-dimensional Fourier transform, amplitude and 
phase difference of Fourier descriptors 
F2 - Two-dimensional Fourier correlation 
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F2P - Two-dimensional Fourier phase only filter 
F2SP - Two-dimensional Fourier descriptors, symmetric phase 
only matched filer 
MCC - Moment normalized cross correlation 
MPD - Moment percentage difference 
Table 7.18: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - full drive crank rotation 
Top Ranked 
File No.l 2 3 4 5 6 7 8 9 10 
SAD 3 2 40 47 85 123 9 55 93 131 
SSS 3 2 40 £7 85 123 9 55 93 131 
FlC 11 49 87 125 132 94 56 124 18 86 
FIP 4 3 1 2 9 31 12 5 13 12 
FISP 3 2 86 48 10 40 47 39 1 85 
FIA 3 2 12 40 41 9 47 78 85 50 
FlAP 3 2 40 £7 9 85 123 55 12 39 
F2C 3 12 iZ §5 123 2 93 131 77 115 
F2P 1 M 12 123 2 93 131 77 115 
F2SP 3 £7 93 85 40 131 115 99 117 77 
MCC 3 133 50 12 70 137 107 69 75 61 
MPD 3 32 88 70 137 23 133 107 69 31 
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The amplitude and phase difference of Fourier descriptors was 
the measure of similarity that identified database trace point 
paths with a desired solution that correlated most closely to the 
spatial absolute difference measure. This was found for both full 
drive crank rotation and for partial drive crank rotation. Four 
of the top five solutions were the same and the order identified 
matched with the absolute difference measure. Of the top 10 
curves identified by the absolute difference measure, eight were 
also identified by the amplitude and phase difference of Fourier 
descriptors. By modifying the weighting value of "m:" in the 
amplitude and phase difference measure, trace point paths which 
were "mirror" images of the desired solution were also identified. 
The spatial matching techniques required the largest database 
file space while the two-dimensional Fourier transform matching 
techniques and the moment invariants required the most time to 
generate a database of solutions. 
Table 7.19: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - partial drive crank rotation 
Top Ranked 
File No. 1 2 3 4 5 6 7 8 9 10 
SAD 3 49 88 4 2 134 126 87 
FlAP 3 133 88 11 49 4 10 2 126 
F2SP 3 50 133 88 95 4 11 42 126 49 
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The one-dimensional Fourier transform amplitude difference 
was the only matching technique that identified both candidate 
curves similar to the absolute difference measure and candidate 
curves were rotated 180° from the desired trace point path. 
Depending on the database generation and search technique, this 
matching technique is the only technique that will identify those 
solutions 180° out of phase. The one-dimensional Fourier transform 
amplitude and phase difference matching technique showed the best 
performance in identifying solutions in the same rank and order 
when compared to the absolute difference measure while having 
smaller database space storage requirements and faster search 
times. The one-dimensional Fourier transform amplitude, and 
amplitude and phase difference, matching techniques showed much 
lower times to generate a database of candidate curves when 
compared to the two-dimensional Fourier transforms and moments. 
The one-dimensional amplitude, and amplitude and phase difference, 
showed the overall best performance. Appendix A details 
performance of these two methods with a variety of trace point 
paths. 
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Table 7.20: Performance of various methods to generate 145 
solutions and to search and identify similar solutions 
Top 
Ranked 
File No. 
Time 
to Generate 
145 Files (sec] 
Time 
to Search 
145 Files (sec) 
FLOPS 
to Search 
145 Files 
SAD 
SSS 
FlC 
FIP 
FISP 
FIA 
FlAP 
F2C 
F2P 
F2SP 
MCC 
MPD 
260 
260 
275 
275 
275 
275 
275 
2202 
2202 
2202 
2100 
2100 
5.52 
5.48 
1.57 
1.55 
1.62 
5.48 
5.46 
10. 64 
10.72 
20.89 
1.55 
1.53 
133447 
114887 
113868 
1125442 
1252133 
267309 
267309 
207808187 
208068283 
251050075 
10051 
6427 
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CHAPTER 8. MOTION GENERATION 
Motion generation is where the functional requirements are 
the output path of a trace point and angle of the connecting rod. 
The trace point is rigidly fixed to the connecting rod and the 
change in angle of the connecting rod is defined by the relative 
angle change of the connecting rod. The path and angle are 
typically viewed as the output function with the input function 
being the input position, velocity and/or acceleration of the 
drive crank. 
Figure 8.1 is the normalized two dimensional plot of the 
trace point path for the defined example crank-rocker, four-bar 
mechanism. The trace point path is normalized for translation, 
rotation and scale in the same manner as outlined in Chapter 7. 
Figure 8.2 is the plot of the connecting rod angle. The 
connecting rod angle has been normalized for the average value of 
the angle through the entire cycle of the path. The connecting 
rod angle is not normalized with respect to phase as the angle is 
based upon the path position. The angular displacement in the 
connecting rod angle is not dependent on the initial drive crank 
position or a defined reference line. The relative change in the 
connecting rod angle will not vary based upon the location. 
209 
rotation or scale of the mechanism or the starting point of the 
drive crank. As a result, the connecting rod angle is not 
normalized in the same manner as the output angle for the follower 
crank for function generation (see Chapter 6). 
Figure 8.3 is a three dimensional plot of the output motion 
for the example crank-rocker, four-bar mechanism. The trace point 
path is laid out in the x-y plane and the normalized connecting 
rod angle is plotted in radians on the z-axis. In this form the 
output motion of the four-bar mechanism is in a form that a two-
dimensional Fourier transform may be taken of the image. Figure 
8.4 shows the two-dimensional Fourier transform of the trace point 
path. Figure 8.5 show the Fourier transform of the trace point 
path when the connecting rod angle is placed on the z-axis of the 
trace point path (Figure 8.3). 
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Figure 8.1 Two dimensional plot of the trace point path 
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Figure 8.2 Normalized plot of the connecting rod relative angle 
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Figure 8.3 Three dimensional plot of the trace point path and 
connecting rod angle for the example crank-rocker 
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Figure 8.4: Two-Dimensional Fourier transform of trace point path 
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Figure 8.5: Two-Dimensional Fourier transform of trace point path 
and connecting rod angle 
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The output path and the output motion must be evaluated to 
develop a similarity expression between motion generation four-bar 
mechanisms. A desired curve was selected to search the database 
and to evaluate performance of each of the following solution 
matching measures. The desired curve was the same as previously 
defined on page 166 ana was stored as the third numbered aacabase 
four-bar mechanism. The graph of the normalized trace point path 
and angle is found in Figure 8.6. The desired path was compared 
with each of the database mechanisms and evaluated with the 
following matching measures: 
Y Position 0 0 X Position 
Figure 8.6: Normalized plot of desired motion 
213 
- Sum of absolute difference 
- Amplitude and phase difference using Fourier descriptors 
- Symmetric phase-only matched filter using two-dimensional 
Fourier descriptors 
Sum of Absolute Differences 
The sum of the absolute difference when used with the trace 
point path is defined by: 
The sum of the absolute difference when used with the connecting 
rod angle is defined by: 
The overall scale for the trace point path and the connecting rod 
angle are not the same. As a result, a weight factor may be 
applied to each of the correlation values to address the overall 
influence that each correlation may have to the overall similarity 
measure. An overall measure may be evaluated by the following: 
Ap = Z{[(f, - q,y + t(fy - gy]'}°-' [8.1] 
Aa = Z I fe - ge 1 [ 8 . 2 ]  
At = p*Ap + q*Aa [ 8 . 3 ]  
Where: 
At = Total absolute difference measure 
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Ap = Absolute difference measure of trace point path 
Aa = Absolute difference measure of connecting rod angle 
p,q = Weighting factor where p + q = 1.0 
For evaluating the motion of the desired four-bar mechanism, 
the weighting factors were each given values of: p = 0.7, q = 0.3 
(See Appendix B). If p is equal to one the expression reduces to 
a path generation process. If q is equal to one the expression 
reduces to a function generation process. The configuration of 
the four-bar mechanism taken for the desired motion is defined on 
page 165 (file number 3). 
Figure 8.7 is a graph of the absolute difference measure of 
the desired trace point motion with the 145 database functions. 
The top 5 matching trace point paths are plotted in Figure 8.8. 
The top 5 matching connecting rod angles are plotted in Figure 
8.9. The 15 database trace point motion which had the smallest 
absolute differences values are listed in Table 8.1. The absolute 
difference function defined above identified the functions that 
matched point by point most closely with the desired function. 
The database search took 8.86 seconds of CPU time and 171292 
FLOPS. 
Amplitude and Phase Difference of Foxirier Descriptors 
For evaluating the amplitude and phase difference using 
Fourier descriptors, equation 7.15 was used to evaluate the 
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Figure 8.7: Graph of absolute difference of desired motion with 
145 database candidate solutions 
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Figure 8.8: Graph of the top 5 filed trace point paths identified 
by absolute difference (motion generation) 
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Figure 8.9: Graph of the top 5 filed connecting rod angle 
identified by absolute difference (motion generation) 
Table 8.1: Suiranary of database search using absolute difference 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 40 4.6490 
3 2 5.1333 
4 123 8.3977 
5 85 8.6192 
6 115 8.6804 
7 77 8.8434 
8 39 8.8927 
9 47 9.2172 
10 124 9.7638 
11 86 9.8140 
12 48 11.1558 
13 1 11.5304 
14 11 11.7555 
15 131 11.8905 
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difference measure for the desired trace point path and connecting 
rod angle with each of the database solutions. The value used for 
n was 0.3 for each difference measure. 
An overall measure may be evaluated by the following: 
APt = PAP^APP + qAF*APa [8.4] 
Where: 
APt = Total amplitude and phase difference measure 
APp = Amplitude and Phase difference measure of trace 
point path 
APa = Amplitude and Phase difference measure of 
connecting rod angle 
PAPf^AP = Weighting factor where pap + qA? = 1.0 
For evaluating the motion of the desired four-bar mechanism, 
the weighting factors were each assigned a values of: Pap = 0.6 and 
qA? = 0.4 (See Appendix B) . 
Figure 8.10 is a graph of the absolute difference measure of 
the desired trace point motion with the 145 database candidate 
solutions. The top 5 database candidates were identified: the 
trace point paths are plotted in Figure 8.11 and the connecting 
rod angles are plotted in Figure 8.12. The 15 database solutions 
which had the smallest absolute differences values are listed in 
Table 8.2. The absolute difference function defined above 
identified the motions that matched point by point most closely 
with the desired solution. The database search took 6.23 seconds 
of CPU time and 267454 FLOPS. 
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Figure 8.10: Graph of amplitude and phase difference of desired 
motion with 145 database candidate solutions 
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Figure 8.11: Graph of the top 5 filed trace point paths identified 
by amplitude and phase difference (motion generation) 
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Figure 8.12: Graph of the top 5 filed connecting rod angle 
identified by amplitude and phase difference of 
Fourier descriptors 
Table 8.2: Summary of database search using amplitude and phase 
difference of Fourier descriptors 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0000 
2 2 0.0845 
3 40 0.1500 
4 1 0.2004 
5 9 0.2030 
6 47 0.2035 
7 39 0.2045 
8 85 0.2245 
9 77 0.2339 
10 123 0.2366 
11 10 0.2369 
12 48 0.2489 
13 115 0.2496 
14 55 0.2621 
15 86 0.2640 
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Symmetric Phase-Only Matched Filter 
Symmetric phase-only matched filtering using two-
dimensional Fourier transforms was shown to be the effect in 
matching a desired solution with a candidate solution with path 
generation. The trace point path is laid out in the x-y plane and 
the normalized connecting rod angle is plotted in radians on the 
z-axis (Figure 8.3). A two-dimensional Fourier transform of the 
trace point path and the connecting rod angle is then generated. 
The top 16 Fourier coefficients are retained and stored in the 
database for each candidate solution. When a symmetric phase-only 
matched filter when comparing a desired motion with each of the 
database candidate solutions, the maximum value of the resulting 
correlation is retain. The correlation value of a perfect match 
will have a value of 1.0. 
This type of database search does not require weighting 
factors be applied to the trace point path difference and the 
connecting rod angle difference as was implemented with the 
absolute difference measure and the amplitude and phase difference 
of the one-dimensional Fourier descriptors. Information regarding 
both the connecting rod angle and the trace point path are 
contained in the two-dimensional Fourier transform. 
Figure 8.13 is a graph of the symmetric phase-only matched 
filter correlation of the desired trace point motion with the 145 
database solutions. The top 5 database candidates were 
identified: the trace point paths are plotted in Figure 8.14 and 
the connecting rod angles are plotted in Figure 8.15. 
221 
1 
0.9995 
0.999 
° 0.9985 
0.998 
0.9975 
0.997 
80 100 120 140 60 20 40 
Curve RIe Nimber 
Figure 8.13: Graph of symmetric phase only filter correlation of 
desired motion with 145 database candidate solutions 
0.8 
0.6 
0.4 
c 0-2 
o 
-0.4 
-0.6 
-0.8 
0.5 -0.5 
X Posilion 
Figure 8.14: Graph of the top 5 filed trace point paths identified 
by symmetric phase only filter (motion generation) 
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Figure 8.15: Graph of the top 5 filed connecting rod angle 
identified by symmetric phase only filter (motion 
generation) 
Table 8.3: Summary of database search using symmetric phase only 
matched filtering 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 1.0000 
2 39 0.9998 
3 40 0.9997 
4 2 0.9997 
5 77 0.9996 
6 1 0.9995 
7 115 0.9995 
8 124 0.9993 
9 123 0.9993 
10 85 0.9992 
11 86 0.9992 
12 10 0.9992 
13 48 0 .9991 
14 9 0.9990 
15 47 0.9990 
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The 15 database functions which had the highest correlation values 
are listed in Table 8.3. The database search took 20.63 seconds of 
CPU time and 251050075 FLOPS. 
Partial Curves 
A complete rotation of the drive crank and the resulting 
trace point motion has been evaluated for motion generation four-
bar mechanisms. The trace point path and angle have been closed 
curves and is applicable only to four-bar mechanisms where the 
drive crank rotates through a complete 360 degrees. Once again, 
to consider a crank-rocker, a double-crank, or a double-rocker, 
four bar mechanism that only rotates through a specified angle, a 
different methodology is required to characterize the output path. 
As with function and path generation, consider the example 
four-bar mechanism where the drive crank only rotates from an 
angle of 0 degrees to 90 degrees. Figure 8.16 is a graph of the 
trace point motion. Compare this trace point motion to that of 
Figure 8.1. 
The trace point motion and its relationship to the drive 
crank angle id not of interest when searching for trace point 
motions stored in a database. As a result the trace point motion 
is sampled from one end of the path, end point "A", to the other 
end of the path, end point "B" in equal segments. The trace point 
motion is then sampled from end point "B" back to end point "A" in 
equal steps. This generates a series of x and y coordinates that 
are cyclic. A total of 128 discrete points were used to sample 
the complete trace point motion. This process generated a series 
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Figure 8.16: Three-dimensional plot of the trace point motion 
of points that may be normalized for translation, rotation, scale, 
and discrete point distribution in the same manner as the closed 
trace point motion. 
Figure 8.17 is a graph of the trace point motion normalized 
for position, rotation, scale, and discrete point distribution. 
Note that while there are only 64 discrete points that may be 
visually identified on the trace point path, there are actually 
128 discrete points used in the definition of the path. 
A database of 7,475 trace point paths was generated with the 
configurations described earlier in this chapter. The drive crank 
angle was a minimum of 0 degrees and a maximum of 90 degrees. The 
database structure and information stored is the same as with the 
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Figure 8.17: Normalized trace point path 
crank rocker with full drive crank motion. A desired curve was 
selected as the third numbered database curve and the 
configuration is the same as defined on page 165. 
The desired curve was compared with each of the first 15 0 
database curves and evaluated with the following matching 
techniques: 
- Sum of absolute differences 
- Fourier descriptor amplitude and phase difference measure 
- Two-dimensional Fourier descriptors with symmetric phase 
only matched filtering. 
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Partial Curves - Sum of Absolute Differences 
The sum of absolute differences is a difference measure and 
is defined by equation 8.3. The starting point for evaluating the 
absolute difference is always at the point on the curve that lies 
on the X-axis and has a x and y value of 1.0 and 0.0 respectively. 
Figure 8.18 is a graph of the absolute difference of the pamal 
trace point motion with the 145 database candidate solutions. The 
15 database partial trace point paths that had the smallest 
absolute difference values are listed in Table 8.4. The top 5 
database candidates were identified: the partial trace point paths 
are plotted in Figure 8.19 and the connecting rod angles are 
plotted in Figure 8.20. The database search took 8.47 seconds of 
CPU time and 171292 FLOPS. 
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Figure 8.18: Graph of absolute difference of partial curve motion 
with 145 database candidate solutions 
227 
0.8 
0.6 
0.4 
c 
o s 
IS 
o 
a. 
> 
•0.4 
-0.6 
-0.8 
0.5 -0.5 
X Position 
Figure 8.19: Graph of the top 5 database trace point paths 
identified by absolute difference 
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Figure 8.20: Graph of the top 5 database connecting rod angle 
identified by absolute difference (motion generation) 
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Table 8.4: Summary of database search of trace point paths using 
absolute difference 
Desired Curve -- Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.0000 
2 50 3.3 613 
3 10 5.3301 
4 2 5.4727 
5 49 5.5905 
6 4 5.6992 
7 88 6.9226 
8 11 7.1162 
9 87 7.3730 
10 125 8.2644 
11 56 8.2936 
12 94 8.4384 
13 126 8.5693 
14 18 8.7384 
15 48 8.8194 
Partial Curves - Amplitude and Phase Difference of Fourier 
Descriptors 
The difference of the magnitude and phase of the Fourier 
descriptors is defined by the equation 7.15. The equation was 
used for both analysis of the path and the angle. The value used 
for "n" was 0.3. Figure 8.21 is a graph of the Fourier descriptor 
amplitude and phase difference of the desired partial trace point 
motion with the 145 database solutions. The 15 database 
candidates that had the smallest correlation values are listed in 
Table 8.5. The top 5 database candidates were identified: the 
partial trace point paths are plotted in Figure 8.22 and the 
connecting rod angles are plotted in Figure 8.23. The database 
search took 6.44 seconds of CPU time and 267614 FLOPS. 
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Figure 8.21: Graph of amplitude and phase difference of partial 
curve motion with 145 database candidate solutions 
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Figure 8.22: Graph of top 5 partial trace point paths identified 
using amplitude and phase difference of Fourier 
descriptors 
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Figure 8.23: Graph of the top 5 database connecting rod angle 
identified using amplitude and phase difference 
measure 
Table 8.5: Summary of database search of partial trace point paths 
using amplitude and phase difference 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0000 
2 50 0.1009 
3 2 0.1360 
4 4 0.1426 
5 11 0.1489 
6 49 0.1616 
7 10 0-1629 
8 133 0.1718 
9 88 0.1808 
10 126 0.2097 
11 87 0.2281 
12 1 0.2316 
13 95 0.2352 
14 125 0.2370 
15 94 0.2492 
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Partial Curves - Symmetric Phase-Only Matched Filter 
Two-dimensional symmetric phase-only matched filtering in the 
Fourier frequency domain is evaluated by taking the maximum of 
equation 7.15. Figure 8.24 is a graph of the symmetric phase-only 
filter correlation of the desired motion with the 145 database 
candidate solutions. The 15 database candidates chat had che 
largest correlation values are listed in Table 8.6. The top 5 
database candidates were identified: the matching database partial 
trace point paths are plotted in Figure 8.25, and the connecting 
rod angles in Figure 8.26. The database search took 20.55 seconds 
of CPU time and 251,050,075 FLOPS. 
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Figure 8.24: Graph of Fourier two-dimensional symmetric phase only 
matched filter correlation of partial curve motion 
with 145 database candidate solutions 
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Figure 8.25: Graph of the top 5 database partial trace point paths 
identified using symmetric phase only matched filter 
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Figure 8.26: Graph of the top 5 database connecting rod angle 
identified by symmetric phase only filter (motion 
generation) 
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Table 8.6: Summary of database search of partial trace point paths 
using symmetric phase only matched filter 
Desired Curve - Database Curve #3 
Search Database Curve Correlation 
Rank Number Value 
1 3 1.0000 
2 7 0.9995 
3 10 0.9993 
4 5 0.9992 
5 52 0.9991 
6 4 0.9991 
7 49 0.9990 
8 133 0.9990 
9 2 0.9990 
10 51 0.9990 
11 11 0.9989 
12 95 0.9989 
13 96 0.9989 
14 90 0.9988 
15 44 0.9988 
Svunmary 
A comparison of the various techniques for the use of 
invariant characterization, storage and search methods for motion 
generation of four-bar mechanisms was developed. Tables 8.7 and 
8.8 are summaries of the top ten database solutions identified 
when using file number 3 as a desired solution. Entries in Table 
8.7 and 8.8 are bold if the identified solutions are in the top 10 
trace point motions identified and match one of the top 10 
solutions identified by the absolute difference measure. The 
absolute difference measure is used as a benchmark. Entries in 
Table 8.7 and 8.8 are underlined if the identified solution are in 
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the top 5 solutions identified by the absolute difference measure. 
Table 8.9 is a summary of the time to search and compare a desired 
solution with 145 database curves and the number of FLOPS to run 
the various search methods. The following are the various file 
search methods: 
SAD - Spatial transform, sum of absolute difference 
FlAP - One-dimensional Fourier descriptors, amplitude and 
phase difference measure 
F2SF - Two-dimensional Fourier descriptors, symmetric phase-
only matched filter 
For full drive crank rotation, the amplitude and phase 
difference of Fourier descriptors and two-dimensional symmetric 
phase-only matched filtering showed good performance in 
identifying database motion generation solutions with a desired 
solution. For symmetric phase-only matched filtering, three of 
the top five solutions were the same as with the absolute 
difference measure. Eight of the top ten solutions were the same 
as with the absolute difference measure. For amplitude and phase 
difference, three of the top five solutions were the same as the 
absolute difference measure and eight of the top ten were the 
same. 
For partial drive crank rotation, the amplitude and phase 
difference of Fourier descriptors was the measure of similarity 
that identified database trace point motion generation solutions 
with a desired solution that correlated most closely to the 
spatial absolute difference measure. For amplitude and phase 
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difference, three of the top five solutions were the same as the 
absolute difference measure and eight of the top ten were the 
same. 
Database file space, time to generate solutions to be stored 
in a database and time to search the database were similar to 
previous results. 
Table 8.7: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - full drive crank rotation 
Top 
Ranked 
File No.l 2 3 4 5 6 7 8 9 10 
SAD 1 12 2 1^ 85 115 77 39 47 124 
FIAD 3 2 40 1 9 47 39 85 77 123 
F2SF 3 39 40 2 77 1 115 124 85 86 
Table 8.8: Performance of various methods to measure the 
similarity of a desired solution to 145 filed 
solutions - partial drive crank rotation 
Top 
Ranked 
File No. 1 2 34 5 6 7 8 9 10 
SAD 3 M ^ 2 49 4 88 11 87 125 
FIAD 1 ^ 2 4 11 49 10 133 88 126 
F2SF 3 7 10 5 52 4 49 133 2 51 
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Table 8.9: Performance of various methods to generate 14 5 
solutions and to search and identify similar solutions 
Top Time Time FLOPS 
Ranked to Generate to Search to Search 
File No. 145 Files (sec) 145 Files (sec) 145 Files 
SAD 260 7.67 171292 
FlAP 275 9.80 267454 
F2SP 2202 20.63 251050075 
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CHAPTER 9. DESIRED SOLUTION GENERATION 
A framework has been established to store, search and match 
invariant characteristics of four-bar mechanisms for function, 
path and motion generation. A method is required to allow a 
designer to define the function, path or motion of a desired 
solution so that a database of solutions may be searched- The use 
of precision points are used in many of the synthesis methods for 
four-bar mechanisms but the nianber of points are limited based on 
the type of synthesis selected. The number of points used to 
represent a desired solution may range from two, representing a 
straight line, to as many as may be required to adequately define 
a solution. 
There are may methods to create curves based on the 
specification of precision points. In geometric modeling the most 
common form of curve representation has been a parametric form due 
to its ease of programming and computation [Anand, 1993]. The 
parametric representation of a three dimensional curve which may 
be applied for function, path or motion generation of four-bar 
mechanisms is: 
238 
X = x(t) [9.1] 
y = y(t) [9.2] 
z = z(t) [9.3] 
wnere; 
t = Parametric variable, 0 < t < 1 
All functions of the parameter t are polynomials and describe 
a curve directly. Some techniques for finding an arbitrary curve 
that fit a set of data points include the Lagrange polynomial, 
parametric cubic curve, cubic splines, Bezier curves and B-
splines. 
The Lagrange polynomial has a degree of polynomial that is 
related to the number of precision points used to define the 
curve. An attribute with the Lagrange polynomial is that the 
curve oscillates about the defined precision points. In addition, 
as the number of points is increased, the polynomial generated is 
of a higher degree. This typically results in a curve with 
excessive oscillations between the precision points. 
Parametiric Cubic Curve 
A parametric cubic curve is defined as: 
3 
P(t) = S ait' 0< t < 1 
i=l 
[9.4] 
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Where: 
P(t) = Points on the curve 
t = Parametric variable, 0 < t < 1 
Separating the equation into the three components of P(t) results 
in: 
x(t) = aaxt^ + azxt' + a-.xt + ao* [9.5] 
y{t) = ajyt^ + a2yt^ + aiyt + aoy [9.6] 
z(t) = a3zt" + a22t'' + ai,t + aoz [9.7] 
Boundary conditions are required to permit the twelve unknown 
coefficients a^, to be evaluated. The boundary conditions relate 
to specific geometric constraints of the curve. Assuming that the 
solution curve is specified by the designer in a fashion where the 
sequence of the precision points is known, then two precision 
points may be sequentially interpolated segment by segment. This 
provides six of the twelve boundary conditions needed to evaluate 
aij. 
Additional boundary conditions may be established by imposing 
geometric requirements on the curve. Parametric continuity is one 
method of imposing geometric constraints. No parametric 
continuity is where two line segments are discontinuous and do not 
meet at an endpoint. A parametric continuity of C° is where two 
line segments meet at a precision point, but do not have the same 
slope. Parametric continuity of C° essentially ensures there are 
no gaps in a curve. A parametric continuity of is where two 
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line segments meet at a precision point and both line segments 
have the same slope at the precision point. A parametric 
continuity of is where two line segments meet at a precision 
point and the second derivative of each line segment at the 
precision point are equal. A parametric cubic curve has a C* 
level of continuity and each meeting line segment has the same 
tangent vector at a specific precision point. Requiring the slope 
of each line segment that terminates at a precision point to be 
equal places an additional three boundary conditions on the system 
of equations. Substituting t = 0 and t = 1 into the equation 
[9.4] results in: 
P(0) = ao [9.8] 
P(l) — a^ + 3i2 3o [9.9] 
P' (0) = ai [9.10] 
P' (1) = 3a3 + 252 + a: [9.11] 
Solving for P(t) results in: 
P(t) = (2t^ - 3t^ + 1)P{0) + (-2t^ + 3t^)P(l) [9.12] 
+ (t^ - 2t^ + t)P'(O) + (t^ - t^)P'{l) 
The polynomial coefficients are known as blending functions. By 
varying the parameter t from 0 to 1, points on the curve segment 
between two precision points are defined. This process of using 
endpoints and tangent vectors is one form of the Hermite 
interpolation. 
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In matrix form the parametric equation may be written: 
P(t) = [t^ t^ t !][ 2 -2 1 l1 r P(0) 1 [9.13] 
1-3 3 -2 -ll 1 p(i) 1 
1 0 0 1 0 1 1 P' (0) 1 
L i 0 0 
« 1 
UJ 
1 
L ?•' (1; J 
or 
P(t) = [t][M]„[G]H [9.14] 
Where: 
[t] = Parametric variable matrix, 0 < t < 1 
[ M ] H  = Hermite matrix 
[ G ] H  = Geometric coefficient matrix 
Matrices [t] and [M I H  are used for any cubic curve, while [G ] H  is 
unique in specifying the geometric constraints of the position of 
the precision points and tangents at the precision points. 
Cubic Spline Function 
With a cubic spline function additional geometric constraints 
are placed on the system of equations by requiring a level of 
parametric continuity. The second derivative of each line segment 
that meets at a precision point is the same. This requirement 
establishes the following relationship: 
P"i-i{l) = P"i(0) [9.15] 
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Substituting this equation into the cubic polynomial equation 9.4 
results in the following: 
P '  , . L  +  4 P ' ,  +  P '  : - I  =  3 ( P T , I  -  P I - I )  [9.16] 
This equation supports a soiucion for all segments that are 
internal to a curve, but does not support a solution for the end 
line segments. The development of curves for function, path and 
motion generation has assumed that all curves are cyclic closed 
curves. Therefore, an additional constraint on the system of 
equations to support a solution for the end line segments is the 
fact that the last line segment meets at the first precision point 
of the first line segment. 
Solving the system of equations established by equation 9.16 
results in the following matrix equation: 
R  4  1  .  
I  1  4  1  
i  .  .  .  
l o o .  
L 1 0 0 
0 11 r p'oi 
0  0  I I  P '  1  I  
1 4  1 1 1 .  I  
. 1 4 J L P'hJ 
[ 3  ( P I  
I 3(P2 
|3(PN 
L3(PO 
P N )  
Po) 
PN-2)  I  
PN-I)J 
[ 9 . 1 7 ;  
This set of equations provides the solution of the values of the 
tangent vectors at each of the precision points. The system of 
equations defined by equation 9.13 may now be solved knowing a 
series of precision points. 
This cubic spline function was used to generate curves and 
was evaluated with the databases of path and motion generation 
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solutions. The precision points used for the cubic spline 
function were 16 precision points sampled from a four-bar 
mechanism. The four-bar mechanism used to generate a desired 
solution is defined on page 125 and is saved in the database as 
curve number 3. 
The spacing of the sixteen precisxon points was defined by 16 
equal rotations of the drive crank. As a result, the precision 
points are not spaced an equal distance from one another. To 
generate a function, path or motion solution using the cubic 
spline function, the parametric variable "t" was varied from 0 to 
1 in eight equal steps. 
Figure 9.1 is a graph of the trace point path (path 
generation) generated by the cubic spline function using sixteen 
precision points. Compare this to the trace point path in Figure 
9.2. 
-2.5 -2 -1.5 -1 0 0.5 
Figure 9.1: Trace point path generated by cubic spline 
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Figure 9.2: Trace point path generated by four-bar mechanism 
The trace point path defined by the cubic spline function was 
then normalized for position, rotation, scale and discrete point 
distribution as described in Chapter 7. The normalized trace 
point path was then compared with each of the database solutions 
and evaluated with the following matching measures: 
- Sum of absolute differences 
- Amplitude and phase difference using Fourier descriptors 
Sum of Absolute Differences — Path Generation 
The sum of the absolute difference when used with the trace 
point path is defined by the equation 7.8. Figure 9.3 is a graph 
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of the absolute difference measure of the desired trace point path 
with the first 145 of the total 7,425 database paths. The top 5 
matching database paths are plotted in Figure 9.4. The 15 
database paths which had the smallest absolute difference values 
are listed in Table 9.1. 
ihe absolute: difference rrieas-jirsf definsd fcr 2 tv/c 
dimensional path, analyzed point by point the curves that most 
closely matched the desired trace point path. Comparing the 
results with Table 7.3 shows that nine of the top ten candidate 
solutions are the same. 
Table 9.1: Summary of database search of trace point paths using 
absolute difference - Cubic Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 3.9698 
2 2 4.8024 
3 9 5.2065 
4 40 5.2442 
5 47 5.6456 
6 55 5.8289 
7 85 6.0895 
8 17 6.4090 
9 123 6.5965 
10 93 6.9381 
11 131 7.1118 
12 10 7.5212 
13 48 7.9584 
14 77 8.1376 
15 137 8.4825 
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Figure 9.3: Graph of absolute difference of desired trace point 
path with 145 database trace point paths - cubic 
spline 
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Figure 9.4: Graph of the top 5 database trace point paths 
identified by absolute difference measure - cubic 
spline 
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Fotxrier Descriptor Amplitude and Phase Difference Measvire - Path 
Generation 
The difference of the amplitude and phase of the Fourier 
descriptors is defined by equation 7.15. The value used for n was 
0.3. Figure 9.5 is a graph of the Fourier descriptor amplitude 
and phase difference of the desired trace point path with the 145 
database functions. The top 5 matching database paths are plotted 
in Figure 9.6. The 15 database trace point paths that had the 
largest correlation values are listed in Table 9.2. Comparing the 
results with Table 7.9 shows that nine of the top ten candidate 
solutions are the same. 
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Figure 9.5: Graph of Fourier descriptor amplitude and phase 
difference measure of desired trace point path with 
145 database trace point paths - ciibic spline 
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Figure 9.6: Graph of the top 5 database trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors - cubic spline 
Table 9.2: Summary of database search of trace point paths using 
amplitude and phase difference measure of Fourier 
descriptors - Cubic Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0738 
2 2 0.0854 
3 40 0.1165 
4 9 0.1222 
5 47 0.1227 
6 85 0.1427 
7 55 0.1497 
8 123 0.1561 
9 93 0.1629 
10 39 0.1660 
11 1 0.1679 
12 131 0.1695 
13 17 0.1732 
14 77 0.1791 
15 137 0.1895 
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Sxam of Absolute Differences - Partial Path Generation 
The smti of the absolute difference when used with the trace 
point path is defined by the following equation 7.8. Figure 9.7 
is a graph of the absolute difference measure of the desired trace 
point path with the first 145 of the total 7,425 database paths. 
The top 5 matching database paths are plotted in Figure 9.8. The 
15 database paths which had the smallest absolute difference 
values are listed in Table 9.3. Comparing the results with Table 
7.15 shows that ten of the top ten candidate solutions are the 
same. 
Table 9.3: Summary of database search of partial trace point paths 
using absolute difference - Cubic Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 0.2955 
2 50 1.1905 
3 49 5-6966 
4 88 5.7403 
5 10 6.0701 
6 4 7.2308 
7 2 7.5286 
8 126 7.7445 
9 87 7.8028 
10 134 7.9114 
11 11 7.9408 
12 51 8.0036 
13 133 8.4858 
14 125 8.6653 
15 18 9.3127 
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Figure 9.7: Graph of absolute difference of desired partial trace 
point path with 145 database trace point paths - cubic 
spline 
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Figure 9.8: Graph of the top 5 database partial trace point paths 
identified by absolute difference measure - c\abic 
spline 
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Fourier Descriptor An^jlitude and Phase Difference Measiire -
Partial Path Generation 
The difference of the magnitude of the Fourier descriptors is 
defined by equation 7.13. The value used for n was 0.3. Figure 
9.9 is a graph of the Fourier descriptor amplitude and phase 
difference of the desired trace point path with the 145 database 
functions. The top 5 matching database paths are plotted in Figure 
9.10. The 15 database trace point paths that had the largest 
correlation values are listed in Table 9.4. Comparing the results 
with Table 7.16 shows that nine of the top 10 candidate solutions 
are the same. 
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Figure 9.9: Graph of Fourier descriptor amplitude and phase 
difference measure of desired partial trace point path 
with 145 database trace point paths - cubic spline 
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Figure 9.10: Graph of the top 5 database partial trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors - cubic spline 
Table 9.4: Summary of database search of partial trace point paths 
using amplitude and phase difference measure of Fourier 
descriptors - cubic spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0126 
2 50 0.0383 
3 133 0.1646 
4 88 0.1695 
5 11 0.1818 
6 49 0.1819 
7 4 0.2053 
8 10 0.2116 
9 2 0.2153 
10 34 0.2284 
11 126 0.2318 
12 51 0.2549 
13 95 0.2607 
14 87 0.2666 
15 134 0.2793 
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Figure 9.11 is a graph of the normalized trace point motion 
(motion generation) generated by the cubic spline function using 
sixteen precision points. Compare this to the normalized trace 
point path in Figure 9.12. 
Y Position 0 0 X Position 
Figure 9 . 1 1 :  Normalized path and angle generated by cubic spline 
The trace point motion defined by the cubic spline function 
was then normalized for position, rotation, scale and point 
spacing as described in Chapter 8. The normalized trace point 
motion was then compared with each of the database solutions and 
evaluated with the following matching measures: 
- Sum of absolute differences 
- Amplitude and phase difference using Fourier descriptors 
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Y Position 0 0 X Position 
Figure 9.12: Normalized path and angle generated by four-bar 
mechanism 
S\am of Absolute Differences - Motion Generation 
The sum of the absolute difference when used with the trace 
point path is defined by equation 8.3. For evaluating the motion 
of the desired four-bar mechanism, the weighting factors, p and q, 
were each assigned a value of 0.5. 
Figure 9.13 is a graph of the absolute difference measure of 
the desired trace point motion with the 145 database functions. 
The top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.14 and the connecting rod 
angles are plotted in Figure 9.15. The 15 database candidate 
solutions which had the smallest absolute differences values are 
listed in Table 9.5. Comparing the results with Table 8.1 shows 
that nine of the top 10 candidate solutions are the same. 
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Figure 9.13: Graph of absolute difference of desired motion with 
145 database candidate solutions - cubic spline 
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Figure 9.14; Graph of the top 5 database trace point paths 
identified by absolute difference measure (motion 
generation) - cubic spline 
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Figure 9.15: Graph of the top 5 database connecting rod angles 
identified by absolute difference measure (motion 
generation) - cubic spline 
Table 9.5: Summary of database search of trace point motion using 
absolute difference - cubic spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1 3 5.0845 
2 2 5.7332 
3 40 5.8566 
4 86 8.8740 
5 124 9.1336 
6 39 9.6029 
7 77 9.7859 
8 115 10.0576 
9 48 10.0918 
10 123 10.4217 
11 85 10.5758 
12 47 11.2253 
13 11 11.4290 
14 1 12.3757 
15 10 13.4673 
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Amplitude and Phase Difference Using Fourier Descriptors - Motion 
Generation 
For evaluating the amplitude and phase difference using 
Fourier descriptors equation 7.13 was used to evaluate the 
difference measure for the desired motion with each of the 
database solutions. The value used for n was 0.3 and the value 
used for m was 0.7. Equation 7.13 was used to evaluate a 
difference measure for the connecting rod angle of the desired 
connecting rod angle with each of the database solutions. The 
value used for n was 0.3. An overall measure was evaluated using 
equation 8.4. For evaluating the motion of the desired four-bar 
mechanism, the weighting factors, p and q, were each addressed a 
value of 0.5. 
Figure 9.16 is a graph of the absolute difference measure of 
the desired motion with the 145 database candidate solutions. The 
top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.17, and the connecting rod 
angles are plotted in Figure 9.18. The 15 database trace point 
motion which had the smallest amplitude and phase difference are 
listed in Table 9.6. Comparing the results with Table 8.2 shows 
that nine of the top 10 candidate solutions are the same. 
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Figure 9.16: Graph of Fourier descriptor amplitude and phase 
difference measure of desired motion with 145 database 
candidate solutions - cubic spline 
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Figure 9.17: Graph of the top 5 database trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - cubic spline 
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Figure 9.18: Graph of the top 5 database connecting rod angles 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - cubic spline 
Table 9.6: Summary of database 
amplitude and phase 
descriptors - Cubic 
search of trace point motion using 
difference measure of Fourier 
Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0738 
2 2 0.0854 
3 40 0.1165 
4 9 0.1222 
5 47 0.1227 
6 85 0.1427 
7 55 0,1497 
8 123 0.1561 
9 93 0.1629 
10 39 0.1660 
11 1 0.1679 
12 131 0.1695 
13 17 0.1732 
14 77 0.1791 
15 137 0.1895 
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S\3m of Absolute Differences - Partial Curve Motion Generation 
The sum of the absolute difference when used with the trace 
point path is defined by equation 8.3. For evaluating the motion 
of the desired four-bar mechanism, the weighting factors, p and q, 
were each addressed a value of 0.5. 
Figure 9.19 is a graph of the absolute difference measure of 
the desired trace point motion with the 145 database candidate 
solutions. The top 5 matching candidate solutions were 
identified; the trace point paths are plotted in Figure 9.20 and 
the connecting rod angles are plotted in Figure 9.21. The 15 
database candidate solutions which had the smallest absolute 
differences values are listed in Table 9.7. Comparing the results 
with Table 8.4 shows that ten of the top ten candidate solutions 
are the same. 
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100 140 
Figure 9.19: Graph of absolute difference of desired partial trace 
point motion with 145 database trace point paths -
cubic spline 
261 
0.8 
0.6 
0.4 
c 
o 
3! O 
a 
>-
-0.2 
-0.4 
-0.6 
-0.8 
0.5 •0.5 
X PosHion 
Figure 9.20: Graph of the top 5 database partial trace point paths 
identified by absolute difference measure (motion 
generation) - cubic spline 
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Figure 9.21: Graph of the top 5 database connecting rod angles 
identified by absolute difference measure (motion 
generation) - cubic spline 
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Table 9,7: Summary of database search of trace point motion using 
absolute difference - Cubic Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute DifJ 
Rank Number Value 
1 3 0.1629 
2 2 4 .2256 
3 4 4.6283 
4 50 4.6449 
5 10 4 . 9489 
6 49 5 .4087 
7 11 6.4159 
8 56 6.6696 
9 94 6.7109 
10 87 6.9554 
11 48 7,3766 
12 1 7.4202 
13 88 7,5909 
14 86 7 .7782 
15 125 7.8591 
Amplitude and Phase Difference using Fourier Descriptors - Partial 
Curve Motion Generation 
For evaluating the amplitude and phase difference using 
Fourier descriptors equation 7.13 was used to evaluate the 
difference measure for the desired motion with each of the 
database solutions. The value used for n was 0.3. Equation 7.13 
was used to evaluate a difference measure for the connecting rod 
angle of the desired connecting rod angle with each of the 
database solutions. The value used for n was 0.3. An overall 
measure was evaluated using equation 8.4. For evaluating the 
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motion of the desired four-bar mechanism, the weighting factors, p 
and q, were each addressed a value of 0.5. 
Figure 9.22 is a graph of the absolute difference measure of 
the desired motion with the 145 database candidate solutions. The 
top 5 matching candidate solutions were identified; the trace 
point paths are plocced in Figure 9.23 and the connecting rod 
angles are plotted in Figure 9.24. The 15 database trace point 
motion which had the smallest absolute differences values are 
listed in Table 9.8. Comparing the results with Table 8.5 shows 
that nine of the top 10 candidate solutions are the same. 
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Database Curve Number 
Figure 9.22: Graph of Fourier descriptor amplitude and phase 
difference measure of desired motion with 145 database 
candidate solutions - cubic spline 
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Figure 9.23: Graph of the top 5 database partial trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - cubic spline 
O -0.4 
'to 60 80 100 
Position on Trace Point Path 
140 
Figure 9.24; Graph of the top 5 database connecting rod angles 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - cubic spline 
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Table 9.8: Summary of database 
amplitude and phase 
descriptors - cubic 
search of trace point motion using 
difference measure of Fourier 
spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0126 
2 50 0.0383 
3 133 0 .1646 
4 88 0.1695 
5 11 0.1818 
6 49 0.1819 
7 4 0.2053 
8 10 0.2116 
9 2 0.2153 
10 36 0.2284 
11 126 0.2318 
12 51 0.2549 
13 95 0.2607 
14 87 0.2666 
15 134 0.2793 
B-Splines 
A B-spline blending function generates a parametric 
polynomial curve through any number of "control points." The 
benefits of B-splines includes the fact that the designer may 
select the degree of the polynomial used in generating the curve, 
and that the redefinition of the location of a control affects 
only a few of the curve segments which are close to the control 
point. The remainder of the curve remains unchanged when one 
control point is moved. Uniform cubic B-splines is a specific 
implementation of a B-spline blending function and will be 
evaluated for use in defining solutions for function, path, and 
motion generation. 
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Uniform cubic B-splines have parametric continuity and the 
parametric intervals of t are equal. A uniform cubic B-spline 
curve is defined by the following equation: 
Pi(t) = No,3(t)V, + Ni,3(t)V^ + N2,.(t)V, + N3,3(t)Vi [9.18] 
Where: 
P; = B-spline curve points 
Vi = Control Points 
= Cubic Polynomials 
t = Parametric variable, 0 < t < 1 
The cubic polynomial is defined by: 
N;j,3(t) = a, + bjt + c^t^ + d-;t- [9.19] 
Where: 
a,b,c,d = Polynomial coefficients 
j = 0, 1, 2, 3 
There are 16 unknown polynomial coefficients. The geometric 
constraints of having the curve segments first and second 
derivative equal to zero results in six constraints. Parametric 
continuity C°, C^, and C^ result in defining 9 more constraints. 
The last constraint is obtained by the following normalizing 
condition: 
No, 3(t) + Ni, 3(t) + N2,3(t) + N3, 3(t) = 1 
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This condition force the curve to lie within a convex figure 
established by the extreme points of a polygon formed by the 
control points {known as the convex hull). Solving the equations 
results in the following polynomials for 0 < t < 1. 
No, 3 (t) = tV6 
Ni,3(t) = (-3t^ + 3t' + 3t +l)/6 
N2,3 (t) = (3t' -6t^ +4) /6 
N3,3(t) = ("t^ + 3t^ -3t +l)/6 
[9.20] 
[9.21] 
[9.22] 
[9.23] 
Substituting equations 9.20, 9.21, 9.22, and 9.23 into equation 
9.18 and placing into matrix form yields: 
or 
Pi(t)= [t^ t^ t 1] F-i 3 -3 ll r V,-1 
1 3 -6 3 0 1 1 V: 
1 -3 0 3 0 1 1 
L 1 4 1 oj L V..2 
1 [9.24] 
1 
I 
J 
P i(t) = ( 1 / 6 )  [t] [M ] B S [ G ] B S  [ 9 . 2 5 ]  
Where: 
[t] = Parametric variable matrix, 0 < t < 1 
[M]BS = B-spline Cubic polynomial matrix 
[GJBS = B-spline control point matrix 
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With a set of defined precision points equation 9.24 may be solved 
for the closed curves which have been established for function, 
path and motion generation. 
P Q ( 0 )  =  ( 1 / 6 )  [  1  4  1  0  ]  [  V N  V O  V I  V ,  
P I ( 0 )  ~  ( 1 / 6 )  [  1  4  1  0  1  [  V O  V I  V ?  V 3  J  •  
[ 9 . 2 6 ]  
r Q 1-7 1 
P N ( 0 )  =  ( 1 / 6 )  [  1  4  1  0  ]  [  V N - 1  V N  V O  V :  ]  [ 9 . 2 8 ]  
Or in matrix form: 
f P c  1 
1 Pi  I 
i  Pn-1 I  
LPn J 
[ 4 1 .  
I  1  4  1  
l o o .  
L 1 0 0 
0 11 r VQ 1 
0  0  I I  V I  I  
1  4  1  I I  .  I 
.  1  4  J L Vn J 
: 9 . 2 9 ]  
With a set of defined precision points the control points, V^, may 
be evaluated. 
This B-spline function was used to generate curves and was 
evaluated with the databases of path and motion generation 
solutions. The precision points used for the B-spline function 
were 16 precision points sampled from a four-bar mechanism. The 
four-bar mechanism was saved in the database as curve number 3. 
The spacing of the sixteen precision points was defined by 16 
equal rotations of the drive crank. As a result, the precision 
points are not spaced an equal distance from one another. To 
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generate a function, path or motion solution using the cubic 
spline function, the parametric variable "t" was varied from 0 to 
1 in eight equal steps. 
Figure 9.25 is a graph of the trace point path (path 
generation) generated by the B-spline function using sixteen 
precision points. Compare this to the trace point path in Figure 
The trace point path defined by the cubic spline function was 
then normalized for position, rotation, scale and point spacing as 
described in Chapter 1. The normalized trace point path was then 
compared with each of the database solutions and evaluated with 
the following matching measures: 
- Sum of absolute differences 
- Amplitude and phase difference using Fourier descriptors 
9.26. 
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Figure 9.25: Trace point path generated by B-spline 
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Figure 9.26: Trace point path generated by four-bar mechanism 
Sum of Absolute Differences - Path Generation 
The sum of the absolute difference when used with the trace 
point path is defined by the following equation 7.8. Figure 9.27 
is a graph of the absolute difference measure of the desired trace 
point path with the first 145 of the total 7,425 database paths. 
The top 5 matching database paths are plotted in Figure 9.28. The 
15 database paths which had the smallest absolute difference 
values are listed in Table 9.9. Comparing the results with Table 
7.3 shows that ten of the top ten candidate solutions are the 
same. 
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Table 9.9: Summary of database search of trace point paths using 
absolute difference - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number Value 
1  3  G  . 5 5 5 5  
2  2  2  . 1 5 4 4  
3  4 0  2 . 8 6 9 9  
4  4 7  3 . 7 0 6 3  
5  8 5  4 . 0 3 3 1  
6  1 2 3  4 . 3 6 1 9  
7  9  4 . 6 4 1 7  
8  5 5  5 . 0 2 5 9  
9  9 3  5 . 1 5 1 8  
1 0  1 3 1  5 . 2 7 6 4  
1 1  1 7  6 . 3 7 8 3  
1 2  7 7  6 . 6 0 6 3  
1 3  115 6 . 6 6 2 0  
1 4  3 9  6 . 8 9 2 3  
1 5  137 7 . 1 3 1 8  
100 
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Figure 9.27: Graph of absolute difference of desired trace point 
path with 145 database trace point paths - B-spline 
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Figure 9.28: Graph of the top 5 database trace point paths 
identified by absolute difference measure - B-spline 
Fourier Descriptor Amplitude and Phase Difference Measure - Path 
Generation 
The difference of the amplitude and phase of the Fourier 
descriptors is defined by equation 7.15. The value used for n was 
0,3. Figure 9.29 is a graph of the Fourier descriptor amplitude 
and phase difference of the desired trace point path with the 145 
database functions. The top 5 matching database paths are plotted 
in Figure 9.20. The 15 database trace point paths that had the 
smallest amplitude and phase difference are listed in Table 9.10. 
Comparing the results with Table 7.9 shows that nine of the top 
ten candidate solutions are the same. 
273 
2 1.2 
40 60 80 100 
Database Cixve Nunber 
Figure 9.29: Graph of Fourier descriptor amplitude and phase 
difference measure of desired trace point path with 
145 database trace point paths - B-spline 
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Figure 9.30: Graph of the top 5 database trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors - B-spline 
274 
Table 9.10: Summary of database search of trace point paths using 
amplitude and phase difference measure of Fourier 
descriptors - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and rhase 
Rank Number Value 
1 3 0.0204 
2 2 0.0483 
3 40 0.0936 
4 47 0.1103 
5 9 0.1179 
6 85 0.1310 
7 39 0.1356 
8 123 0.1430 
9 55 0.1474 
10 77 0.1551 
11 93 0.1570 
12 1 0.1583 
13 131 0.1655 
14 17 0.1725 
15 115 0.1738 
Slim of Absolute Differences - Partial Path Generat:ion 
The sum of the absolute difference when used with the trace 
point path is defined by the following equation 7.8. Figure 9.31 
is a graph of the absolute difference measure of the desired trace 
point path with the first 145 of the total 7,425 database paths. 
The top 5 matching database paths are plotted in Figure 9.32. The 
15 database paths which had the smallest absolute difference 
values are listed in Table 9.11. Comparing the results with Table 
7.15 shows that nine of the top ten candidate solutions are the 
same. 
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Table 9.11: Summary of database search of partial trace point 
paths using absolute difference - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Nuinber Value 
1 3 1.3843 
2 50 1.5413 
3 49 5.7874 
4 88 5.8392 
5 10 6.2379 
6 4 7.5472 
7 2 7.6919 
8 126 7.7859 
9 87 7.8387 
10 11 8.0332 
11 134 8.2138 
12 51 8.2890 
13 133 8.5685 
14 125 8.6889 
15 18 9.4503 
Database Curve Nimber 
Figure 9.31: Graph of absolute difference of desired partial trace 
point path with 145 database trace point paths - B-
spline 
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Figure 9.32: Graph of the top 5 database partial trace point paths 
identified by absolute difference measure - B-spline 
Fourier Descriptor Amplitude and Phase Difference Measure -
Partial Path Generation 
The difference of the magnitude of the Fourier descriptors is 
defined by equation 7.13. The value used for n was 0.3. Figure 
9.33 is a graph of the Fourier descriptor amplitude and phase 
difference of the desired trace point path with the 145 database 
functions. The top 5 matching database paths are plotted in 
Figure 9.34. The 15 database trace point paths that had the 
smallest amplitude and phase difference are listed in Table 9.12. 
Comparing the results with Table 7.16 shows that ten of the top 
ten candidate solutions are the same. 
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Figure 9.33: Graph of Fourier descriptor amplitude and phase 
difference measure of desired partial trace point path 
with 145 database trace point paths - B-spline 
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Figure 9.34: Graph of the top 5 database partial trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors - B-spline 
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Table 9.12: Sunimary of database search of partial trace point 
paths using amplitude and phase difference measure of 
Fourier descriptors - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Value 
1 3 G.0317 
2 50 0.0468 
3 133 0.1631 
4 88 0.1675 
5 11 0.1741 
6 49 0.1805 
7 10 0.2102 
8 2 0.2119 
9 4 0.2124 
10 126 0,2301 
11 34 0.2368 
12 87 0.2640 
13 51 0.2658 
14 95 0.2688 
15 125 0.2874 
Figure 9.35 is a graph of the normalized motion (motion 
generation) generated by the B-spline function using sixteen 
precision points. Compare this to the normalized trace point path 
in Figure 9.36. 
The motion defined by the B-spline function was then 
normalized for position, rotation, scale and point spacing as 
described in Chapter 8. The normalized motion was then compared 
with each of the database solutions and evaluated with the 
following matching measures: 
- Sum of absolute differences 
- Amplitude and phase difference using Fourier descriptors 
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YPosiaon 0 0 X Position 
Figure 9.35: Normalized trace point motion generated by B-spline 
Y Position 0 0 X Position 
Figure 9.36: Normalized trace point motion generated four-bar 
mechanism 
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Sxjm of Absolute Differences - Motion Generation 
The sum of the absolute difference when used with the desired 
motion is defined by equation 8.3. For evaluating the motion of 
the desired four-bar mechanism, the weighting factors, p and q, 
were each addressed a value of 0.5. 
Figure 9.37 is a graph of the absolute difference measure of 
the desired motion with the 145 database candidate solutions. The 
top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.38, and the connecting rod 
angles are plotted in Figure 9.39. The 15 database trace point 
motion which had the smallest absolute differences values are 
listed in Table 9.13. Comparing the results with Table 8.1 shows 
that nine of the top ten candidate solutions are the same. 
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Figure 9.37: Graph of absolute difference of desired with 145 
database candidate solutions - B-spline 
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Figure 9.38: Graph of the top 5 database trace point paths 
identified by absolute difference measure (motion 
generation) - B-spline 
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Figure 9.39: Graph of the top 5 database connecting rod angles 
identified by absolute difference measure (motion 
generation) - B-spline 
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Table 9.13: Summary of database search of trace point motion using 
absolute difference - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number 
1 3 C ^ U . O 
2 40 5.9187 
3 2 7 .1485 
4 11 9.8437 
5 124 9.9720 
6 115 10.2303 
7 86 10.2718 
8 39 10.4050 
9 77 10.5367 
10 123 11.1639 
11 85 11.6717 
12 48 12.6679 
13 47 12.7882 
14 1 14.4647 
15 131 16.2312 
Aii^jlitude and Phase Difference Using Fourier Descriptors -
Motion Generation 
For evaluating the amplitude and phase difference using 
Fourier descriptors equation 7.15 was used to evaluate the 
difference measure for the desired motion with each of the 
database candidate solutions. The value used for n was 0.3. 
Equation 7.13 was used to evaluate a difference measure for the 
connecting rod angle of the desired connecting rod angle with each 
of the database solutions. The value used for n was 0.3. An 
overall measure was evaluated using equation 8.4. For evaluating 
the motion of the desired four-bar mechanism, the weighting 
factors, p and q, were each addressed a value of 0.5. 
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Figure 9.40 is a graph of the amplitude and phase difference 
of the desired motion with the 145 database candidate solutions. 
The top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.41, and the connecting rod 
angles are plotted in Figure 9.42. The 15 database trace point 
motion which had the smaliesr amplicude and phase difference are 
listed in Table 9.14. Comparing the results with Table 8.2 shows 
that ten of the top ten candidate solutions are the same. 
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Figure 9.40: Graph of Fourier descriptor amplitude and phase 
difference measure of desired motion with 145 database 
trace point paths - B-spline 
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Figure 9.41: Graph of the top 5 database trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - B-spline 
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Figure 9.42: Graph of the top 5 database connecting rod angles 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - B-spline 
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Table 9.14: Summary of database search of trace point motion using 
amplitude and phase difference measure of Fourier 
descriptors - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0204 
2 n 0.0493 
3 40 0.0936 
4 47 0.1103 
5 9 0.1179 
6 85 0.1310 
7 39 0.1356 
8 123 0.1430 
9 55 0.1474 
10 77 0.1551 
11 93 0.1570 
12 1 0.1583 
13 131 0.1655 
14 17 0.1725 
15 115 0.1738 
Sxom of Absolute Differences - Partial Curve Motion Generation 
The sum of the absolute difference when used with the desired 
motion is defined by equation 8.3. For evaluating the motion of 
the desired four-bar mechanism, the weighting factors, p and q, 
were each addressed a value of 0.5. 
Figure 9.41 is a graph of the absolute difference measure of 
the desired motion with the 145 database candidate solutions. The 
top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.42, and the connecting rod 
angles are plotted in Figure 9.43. The 15 database trace point 
motion which had the smallest absolute differences values are 
listed in Table 9.15. Comparing the results with Table 8.4 shows 
that ten of the top ten candidate solutions are the same. 
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Figure 9.43: Graph of absolute difference of desired motion with 
145 database trace point paths - B-spline 
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Figure 9.44: Graph of the top 5 database partial trace point paths 
identified by absolute difference measure (motion 
generation) - B-spline 
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Figure 9.45: Graph of the top 5 database connecting rod angles 
identified by absolute difference measure (motion 
generation) - B-spline 
Table 9.15: Summary of database search of trace point motion using 
absolute difference - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Absolute Difference 
Rank Number 
1 3 1.0089 
2 2 4.3563 
3 4 4.8136 
4 50 4.9793 
5 10 5.0491 
6 49 5.4611 
7 11 6.4738 
8 56 6.6989 
9 94 6.7575 
10 87 6.9818 
11 48 7.4387 
12 1 7.5035 
13 88 7.6442 
14 86 7.8088 
15 125 7.8773 
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Amplitude and Phase Difference using Fourier Descriptors -
Partial Curve Motion Generation 
Equation 7.15 was used to evaluate the amplitude and phase 
difference for the desired motion with each of the database 
candidate solutions. The value used for n was 0.3. Equation 7.15 
was also used to evaluate a difference measure for the connecting 
rod angle of the desired solution with each of the database 
solutions. The value used for n was 0.3. An overall measure was 
evaluated using equation 8.4. For evaluating the motion of the 
desired four-bar mechanism, the weighting factors, p and q, were 
each addressed a value of 0.5. 
Figure 9.41 is a graph of the absolute difference measure of 
the desired motion with the 145 database candidate solutions. The 
top 5 matching candidate solutions were identified; the trace 
point paths are plotted in Figure 9.42, and the connecting rod 
angles are plotted in Figure 9.43. The 15 database trace point 
motion which had the smallest amplitude and phase difference of 
the Fourier descriptors are listed in Table 9.16. Comparing the 
results with Table 8.5 shows that ten of the top ten candidate 
solutions are the same. 
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Figure 9.46: Graph of Fourier descriptor amplitude and phase 
difference measure of desired motion with 145 database 
candidate solutions - B-spline 
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Figure 9.47: Graph of the top 5 database partial trace point paths 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - B-spline 
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Figure 9.48: Graph of the top 5 database connecting rod angles 
identified by amplitude and phase difference of 
Fourier descriptors (motion generation) - B-spline 
Table 9.16: Summary of database search of trace point motion using 
amplitude and phase difference measure of Fourier 
descriptors - B-Spline 
Desired Curve - Database Curve #3 
Search Database Curve Amplitude and Phase 
Rank Number Difference 
1 3 0.0317 
2 50 0.0468 
3 133 0.1631 
4 88 0.1675 
5 11 0.1741 
6 49 0.1805 
7 10 0.2102 
8 2 0.2119 
9 4 0.2124 
10 126 0.2301 
11 34 0.2368 
12 87 0.2640 
13 51 0-2654 
14 95 0.2688 
15 125 0.2874 
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Summary 
Cubic splines and B-splines were successfully used to 
generate partial curves and closed curves to represent desired 
solutions for the synthesis of four-bar mechanisms. Sixteen 
points on database curve number 3 were used to generate closed 
curves and partial curves for path generation and motion 
generation. The database matching measure was the absolute 
difference and the amplitude and phase difference measure of 
Fourier descriptors. Table 9.16 is a summary of the top 10 
closed trace point paths identified when using cubic splines and 
B-splines with the database matching measures. Table 9.17 is a 
summary of the of the top 10 partial trace point paths identified 
when using cubic splines and B-splines with the database matching 
measures. Table 9.18 is a summary of the of the top 10 closed 
trace point motion solutions identified when using cubic splines 
and B-splines with the database matching measures. Table 9.19 is 
a summary of the of the top 10 partial trace point motion 
solutions identified when using cubic splines and B-splines with 
the database matching measures. 
These results show that both cubic splines and B-splines 
perform well in representing trace point path and motion solutions 
using 16 precision points. With closed trace point paths, when 
using the amplitude and phase difference of Fourier descriptors 
measure and cubic or B-spline generated curves, four of the top 
five solutions were the same as identified by using the original 
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curve and an absolute difference search measure. Nine (cubic 
spline) and eight (B-Spline) of the top ten were the same. 
With partial trace point paths, when using the amplitude and 
phase difference of Fourier descriptors measure and cubic or B-
spline generated curves, three of the top five solutions were the 
same as identified by usirtg the original curve ar.d ar. abscluts 
difference search measure. Seven (cubic spline) and eight (B-
Spline) of the top ten were the same. 
With full crank rotation with motion generation, when using 
the amplitude and phase difference of Fourier descriptors measure 
and cubic or B-spline generated curves, three of the top five 
solutions were the same as identified by using the original curve 
and an absolute difference search measure. Five (cubic spline) 
and six (B-Spline) of the top ten were the same. 
With partial crank rotation with motion generation, when 
using the amplitude and phase difference of Fourier descriptors 
measure and cubic or B-spline generated curves two of the top five 
were the same as identified by using the original curve and an 
absolute difference search measure. Seven of the top ten were the 
same. 
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Table 9.17: Performance of cubic splines and B-splines for path 
generation using 16 data points from database curve 
number 3 - full crank rotation 
Top 
Ranked 
File No.1 2 3 4 5 67 8 9 10 
Four-bar 
SAD 3 2 40 £7 85 123 9 55 93 131 
Cubic Spline 
SAD 3 2 9 40 47 55 85 17 123 93 
FlAP 3 2 40 9 £7 85 55 123 93 39 
B-Spline 
SAD 3 2 40 £7 85 123 9 55 93 131 
FlAP 3 2 40 47 9 85 39 123 55 77 
Table S.18: Performance of cubic splines and B-splines for path 
generation using 16 data points from database curve 
number 3 - partial crank rotation 
Top 
Ranked 
File No. 1 2 3 4 J 6 7 8 9 10 
Four-bar 
SAD 3 
Cubic Spline 
SAD 3 
FlAP 3 
B-Spline 
SAD 3 
FlAP 3 
50 49 88 10 2 134 126 87 
50 49 88 10 2 126 87 134 
50 133 88 11 49 4 10 2 34 
50 49 88 10 2 126 87 11 
50 133 88 11 49 10 4 126 
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Table 9.19: Performance of cubic splines and B-splines for motion 
generation using 16 data points from database curve 
number 3 - full crank rotation 
Top 
Ranked 
File No.l 2 3  4  5  6  7  8  9  10  
Four-bar 
SAD 3 ££ 2 ^ 2^ 115 39 86 77 123 
Cubic Spline 
SAD 3 2 40 86 3^ 39 77 115 48  123 
FlAP 3 2 ^ 9 47 85 55 123 93 39 
B-Spline 
SAD 3 40 2 11 1^ 115 86 39 77 123 
FlAP 3 2 40 47 9  85 39 123 55 77 
Table 9.20:  Performance of cubic splines and B-splines for motion 
generation using 16 data points from database curve 
number 3 - partial crank rotation 
Top 
Ranked 
File No.l 2 3 4 5 6  7  8 9  10  
Four-bar 
SAD 3 2 4 ^ ^  49 11 56 94 87 
Cubic Spline 
SAD 3 2 4 ^ ^  49 11 56 94 87 
FlAP 3 ^ 133 88 11 49 4 10 2 36 
B-Spline 
SAD 3 2 4 ^ 10 49 11 56 94 87 
FlAP 3 50 133 88 11 49 10 2 4 126 
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CHAPTER 10. DATABASE GENERATION 
The focus of the designer in synthesizing a function, path or 
motion generation mechanism is to identify the best solution, or 
solutions, which will fulfill a set of design requirements. This 
essentially is a nonlinear optimization problem. As has been 
discussed, the general behavior of the function that describes the 
function, path or motion of a mechanism within a design space is 
not known. As a result, the use of numerical techniques to find 
an optimal solution is dependent on the initial guess of the 
mechanism. An optimal solution may be identified for a local 
design space while an optimal global solution remains 
unidentified. Since the behavior of the function is unknown over 
the design space, the designer has no way of understanding if a 
global solution is ever obtained. 
Jovanovic and Kazerounian [1998] presented a novel method for 
locating global minima in nonlinear design optimization problems. 
The method was based on utilizing fractal areas to locate all the 
solutions along one direction in variable space. A search was 
started at an arbitrary point in the design space. A randomly 
chosen direction in the design space was identified and solutions 
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along that direction obtained. The process continued until an 
optimal design was obtained. 
In most cases, the designer has an understanding of many of 
the design constraints that the final design must conform to. 
Examples of design constraints could be the type of mechanism, 
space ximitatxons to the ovsirall rnctj-cn cf the 3ystsir», ground 
pivot locations, or the minimum transmission angle. The design 
constraints used in the synthesis process may reduce the scope of 
the nonlinear optimization problem from identifying a global 
design space solution(s) to a local design space solution(s). 
In this chapter, a method for generating a database of 
candidate solutions is developed based on a random local design 
space search and a solution refinement process. The generation of 
candidate solutions is based on generating random system variables 
that meet the requirements of a specific type of mechanism (crank-
rocker, double-crank or double-rocker) and then ensuring that the 
mechanism conforms to the design constraints known by the 
designer. A database of candidate solutions is developed and then 
a desired solution is compared with the generated database of 
solutions. The candidate solution that has the best match with 
the desired solution is then identified. A refinement process is 
then started by generating a second database of candidate 
solutions developed around the identified candidate solution using 
small changes to the system variables of the identified candidate 
solution. This refinement process is repeated until a limit is 
reached in the function that measures the similarity between the 
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candidate solution and the desired solution. The overall process 
may be repeated to generate additional candidate solutions. 
This process was evaluated with a specific example. A crank-
rocker mechanism was selected as the "mechanism type" and design 
constraints defined which allowed a local design space to be 
specix.ieQ. ^ dt^sired trace pOj-nt path curve vas thsr* gcnGr3t0d. 
For the database generation test the following constraints 
were implemented which defined the class of operation for the 
mechanism as a crank-rocker four-bar mechanism: 
- The drive crank is one unit of length 
- The drive crank is the shortest length: 
Drive Crank Length (DC) < Ground Pivot Distance (GPD) 
Drive Crank Length (DC) < Connecting Rod Length (CR) 
Drive Crank Length (DC) < Follower Crank Length (FC) 
- GPD + DC < CR + FC 
- GPD - DC > ICR - FCI 
The following constraints were implemented which defined 
limitations on the size and function of the mechanism: 
- The Ground Pivot Distance is between 1 and 5 units 
- The Follower Crank is between 1 and 4 units 
- The Connecting Rod Length is between 1 and 4 units 
- The Trace Point Distance is within the following distance 
of the center of the Connecting Rod: 
TPD = CR/2 + DC 
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- The transmission angle is constrained from 40® to 140° 
The amplitude and phase difference using one-dimensional Fourier 
descriptors was used to evaluate the similarity between the 
desired curve with the generated candidate curves. The desired 
trace point path used is the same path generated by the B-spline 
function using sixteen precision points in Chapter 9 (Figure 
9.25) . 
The process was set to generate a database of 500 candidate 
trace point paths that met the constraint requirements previously 
defined. Figure 10.1 is a graph of the amplitude and phase 
difference of the desired trace point path with the paths of the 
500 candidate curves. 
•§ 0.6 
50 100 150 200 250 300 350 400 450 500 
Database Curve Number 
Figure 10.1: Graph of amplitude and phase difference of Fourier 
descriptors of desired trace point path and 500 
candidate paths 
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The top 15 database trace point paths that had the smallest 
amplitude and phase difference are listed in Table 10.1. The time 
to generate the database of 500 curves was 20.4 minutes. The time 
to search the entire database and generate the amplitude and phase 
difference of the Fourier descriptors was 22.3 seconds. 
Table 10.1: Summary of database search of 500 candidate trace 
point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 441 0.0496 
2 201 0 .1297 
3 142 0.1589 
4 407 0.1739 
5 80 0.1913 
6 170 0.1921 
7 39 0.2007 
8 453 0.2025 
9 272 0.2199 
10 144 0.2209 
11 33 0.2266 
12 338 0.2285 
13 73 0.2307 
14 459 0.2390 
15 456 0.2408 
Database curve number 441 was identified as the best match with 
the desired solution. A refinement process then generated a 
second database of candidate solutions developed around the 
identified candidate solution. Small random modifications were 
made to the system variables of the identified candidate solution. 
The length of the connecting rod, follower crank, ground pivot 
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distance, trace point distance, and trace point angle were 
randomly varied within ± 10% from the defined value of the 
candidate solution. A total of 50 database curves were generated 
during the refinement process. The process was checked to ensure 
that the constraint requirements previously defined were met. 
Figure 10.2 is a graph of the amplitude and phase difference of 
the desired trace point path with the paths of the initially 
generated 500 candidate curves and the additional 50 database 
curves generated in the refinement process. The top 15 database 
trace point paths that had the smallest amplitude and phase 
difference are listed in Table 10.2. The candidate solution that 
had the best match with the desired solution was identified as 
database curve number 522. 
Q- 0.8 
200 300 400 
Database Cuve Number 
Figure 10.2: Graph of amplitude and phase difference of Fourier 
descriptors of desired trace point path and 550 
candidate paths 
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Table 10.2: Summary of database search of 550 candidate trace 
point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 522 0.0416 
2 441 0 .0496 
3 504 0.0580 
A 
-t 5 45 0.0659 
5 525 0,0666 
6 532 0.0753 
7 538 0.0872 
8 545 0.0911 
9 507 0.1077 
10 508 0.1095 
11 510 0.1109 
12 513 0.1137 
13 201 0.1297 
14 547 0.1307 
15 506 0.1324 
A second refinement process was then started by generating a 
third database of candidate solutions developed around the refined 
candidate solution. Again, small changes were made to the system 
variables of the refined candidate solution. The length of the 
connecting rod, follower crank, ground pivot distance, trace point 
distance, and trace point angle were allowed to randomly vary ± 1% 
from the defined value of the candidate solution. A total of 50 
database curves were generated during the second refinement 
process. The process was checked to ensure that the constraint 
requirements previously defined were met. Figure 10.3 is a graph 
of the amplitude and phase difference of the desired trace point 
path with the paths of the initially generated 500 candidate 
curves, the 50 database curves generated in the first refinement 
process, and the 50 database curves generated in the second 
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refinement process. The top 15 database trace point paths that 
had the smallest amplitude and phase difference are listed in 
Table 10.3. The candidate solution that had the best match with 
the desired solution was identified as database curve number 5 97. 
Figure 10.4 is a graph of the desired curve with the best 
v^CTiicx-ct (.CO v^oi xiiC: 
mechanisms that generated curve number 597 is: 
Drive Crank Length = 1.0000 units 
Connecting Rod Length = 2.1741 units 
Ground Pivot Distance = 1.5998 units 
Follower Crank Length = 2.4344 units 
Trace Point Distance = 2.4160 units 
Trace Point Angle = 0.4827 radians 
TJ 0.6 
100 200 300 400 
Database Curve Number 
500 600 
Figure 10.3: Graph of amplitude and phase difference of Fourier 
descriptors of desired trace point path and 600 
candidate paths 
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Table 10.3: Summary of database search of 600 candidate trace 
point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 597 0.0319 
2 578 0.0331 
3 592 0.0345 
t C -7 O n  n - j  c  o  
5 561 0.0367 
5 551 0.0379 
7 552 0.0388 
8 522 0.0416 
9 563 0.0417 
10 554 0.0424 
11 559 0.0438 
12 557 0.0446 
13 589 0.0458 
14 581 0.0460 
15 595 0.0474 
0.8 
0.6 
0.4 
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Figure 10.4: Graph of synthesized trace point path using amplitude 
and phase difference measure of Fourier descriptors 
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This random search process was repeated ten times to generate 
a selection of candidate curves. Table 10.4 is a summary of the 
curves identified, the mechanism configuration and the value of 
the amplitude and phase difference of the Fourier descriptors. 
Appendix C contains graphs of each trace point path and four-bar 
W ^   ^M w*  ^ A ^  ^ ^   ^
 ^41 a.^ c w » 
Table 10.4: Summary of candidate trace point paths generated 
through the random search and refinement process 
Curve DC CR FC GPD TPD TPA A&P Diff. 
1 1 .0000 2 .1741 2. 4344 1. 5998 2 .4160 0 .4827 0 .0319 
2 1 .0000 3 .5891 3. 4255 1. 6354 4 .0794 0 .3554 0 .0308 
3 1 .0000 2 .2816 2. 5814 1. 7054 2 .7172 0 .4808 0 .0377 
4 1 .0000 1 .9038 2. 0929 1. 6251 2 .4368 0 .4962 0 .0359 
5 1 .0000 1 .8380 1. 6752 1. 5498 2 .4936 0 .4923 0 .0325 
6 1 .0000 2 .3015 1. 6801 1. 8183 2 .5273 0 .5605 0 .0428 
7 1 .0000 3 .1259 2. 9017 1. 6391 3 .3870 0 .4192 0 .0372 
8 1 .0000 1 .5118 1. 8548 1. 6616 1 . 9443 0 .5345 0 .0271 
9 1 .0000 1 .7446 2. 3512 1. 9543 2 .4541 0 .4590 0 .0707 
10 1 .0000 2 .9716 2. 6252 1, 6856 3 .2038 0 .4497 0 .0386 
This database generation and search process was evaluated 
with a partial trace point path example. A crank-rocker mechanism 
was selected as the "mechanism type" and design constraints 
defined which allowed a local design space to be specified. A 
desired partial trace point path curve was then generated. 
For the crank-rocker four-bar mechanism the following 
constraints were implemented which defined the class of operation 
for the mechanism: 
- The drive crank is one unit of length 
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- The drive crank is the shortest length: 
Drive Crank Length (DC) < Ground Pivot Distance 
Drive Crank Length (DC) < Connecting Rod Length 
Drive Crank Length (DC) < Follower Crank Length 
- GPD + DC < CR + FC 
"" or" i-/ £\ ~ L. I 
The following constraints were implemented which defined 
limitations on the size and function of the mechanism: 
- The Ground Pivot Distance is between 1 and 5 units 
- The Follower Crank is between 1 and 4 units 
- The Connecting Rod Length is between 1 and 4 units 
- The Trace Point Distance is within the following distance 
of the center of the Connecting Rod: 
TPD = CR/2 + DC 
- The transmission angle is constrained from 40° to 140° 
- The minimum crank angle rotation was 45° 
- The maximum crank angle rotation was 270° 
The amplitude and phase difference using one-dimensional Fourier 
descriptors was used to evaluate the similarity between the 
desired curve with the generated candidate curves. The desired 
trace point path used is the same path generated by the B-spline 
function using sixteen precision points in Chapter 9 (Figure 
9.32) . 
(GPD) 
(CR) 
(FC) 
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The process was set to generate a database of 500 candidate 
trace point paths that met the constraint requirements previously 
defined. Figure 10.6 is a graph of the amplitude and phase 
difference of the desired trace point path with the paths of the 
500 candidate curves. 
1.2 
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Figure 10.5: Graph of amplitude and phase difference of Fourier 
descriptors of desired partial trace point path and 
500 candidate paths 
The top 15 database trace point paths that had the smallest 
amplitude and phase difference are listed in Table 10.5. The time 
to generate the database of 500 curves was 19.0 minutes. The time 
to search the entire database and generate the amplitude and phase 
difference of the Fourier descriptors was 22.3 seconds. 
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Table 10.5: Summary of database search of 500 candidate partial 
trace point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 113 0.1468 
2 252 A 1 /I O C w . X t u O 
3 203 0.1572 
4 37 0.1603 
5 383 0.1661 
6 346 0.1695 
7 75 0.1787 
8 391 0.1795 
9 277 0.1855 
10 340 0.1885 
11 61 0.1929 
12 358 0.1929 
13 461 0.1930 
14 433 0.1949 
15 197 0.1996 
Database curve number 113 was identified as the best match with 
the desired solution. A refinement process then generated a 
second database of candidate solutions developed around the 
identified candidate solution. Small random modifications were 
made to the system variables of the identified candidate solution. 
The length of the connecting rod, follower crank, ground pivot 
distance, trace point distance, trace point angle, drive crank 
starting angle and drive crank stopping angle were randomly varied 
within ± 10% from the defined value of the candidate solution. A 
total of 50 database curves were generated during the refinement 
process. The process was checked to ensure that the constraint 
requirements previously defined were met. Figure 10.7 is a graph 
308 
of the amplitude and phase difference of the desired trace point 
path with the paths of the initially generated 500 candidate 
curves and the additional 50 database curves generated in the 
refinement process. The top 15 database trace point paths that had 
the smallest amplitude and phase difference are listed in Table 
10.6. i'he candidate solution tnat had the best match wxth the 
desired solution was identified as database curve number 503. 
200 300 400 
Database Curve Number 
Figure 10.6: Graph of amplitude and phase difference of Fourier 
descriptors of desired partial trace point path and 
550 candidate paths 
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Table 10.6: Suitmary of database search of 550 candidate partial 
trace point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 503 0.1386 
2 530 0.1424 
3 113 0.1468 
o o O 
 ^VJ ^  0.14S6 
5 526 0.1531 
6 523 0.1531 
7 203 0.1572 
8 521 0.1580 
9 37 0.1603 
10 508 0.1608 
11 514 0.1649 
12 383 0.1661 
13 550 0.1664 
14 346 0.1695 
15 512 0.1730 
A second refinement process was then started by generating a 
third database of candidate solutions developed around the refined 
candidate solution. Again, small changes were made to the system 
variables of the refined candidate solution. The length of the 
connecting rod, follower crank, ground pivot distance, trace point 
angle, drive crank starting angle and drive crank stopping angle 
were allowed to randomly vary ± 1% from the defined value of the 
candidate solution. A total of 50 database curves were generated 
during the second refinement process. The process was checked to 
ensure that the constraint requirements previously defined were 
met. Figure 10.8 is a graph of the amplitude and phase difference 
of the desired trace point path with the paths of the initially 
generated 500 candidate curves, the 50 database curves generated 
in the first refinement process, and the 50 database curves 
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generated in the second refinement process. The top 15 database 
trace point paths that had the smallest amplitude and phase 
difference are listed in Table 10.7. The candidate solution that 
had the best match with the desired solution was identified as 
database curve number 600. Figure 10.9 is a graph of the desired 
curve with the top candxdate curve. The configuration of the 
drive-crank mechanisms that generated curve number 600 is: 
Drive Crank Length = 1.0000 units 
Connecting Rod Length = 3.3738 units 
Ground Pivot Distance = 2.7472 units 
Follower Crank Length = 2.7892 units 
Trace Point Distance = 1.3096 units 
100 200 300 400 
Database Curve Number 
500 600 
Figure 10.7: Graph of amplitude and phase difference of Fourier 
descriptors of desired partial trace point path and 
600 candidate paths 
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Table 10.7: Summary of database search of 600 candidate partial 
trace point paths using amplitude and phase difference 
Search Database Curve Amplitude and 
Rank Number Difference 
1 600 0.1325 
2 557 0. 1332 
3 581 0.1338 
4 565 0.1346 
5 583 0. 1346 
6 561 0.1357 
7 596 0.1361 
8 597 0.1380 
9 503 0.1386 
10 564 0.1393 
11 553 0.1403 
12 595 0.1404 
13 598 0.1409 
14 530 0.1424 
15 554 0.1428 
1 
0.8 
0.6 
0.4 
c 0-2 
0 
1 0 Q. 
>-
-0.2 
-0.4 
-0.6 
-0.8 
-1 
-1 -0.5 0.5 
X Position 
Figure 10.8: Graph of synthesized partial trace point path using 
amplitude and phase difference measure of Fourier 
descriptors 
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Trace Point Angle 
Crank Angle Start 
Crank Angle Stop 
0.1991 radians 
187.71 radians 
258.79 radians 
This random search process was repeated ten times to generate 
3 Sciccticr* o^  csnciicisww Tstis 1,0.9 is s cf 
curves identified, the mechanism configuration and the value of 
the amplitude and phase difference of the Fourier descriptors. 
Appendix C contains graphs of each trace point path and four-bar 
mechanism synthesized. 
Table 10.8: Summary of candidate partial trace point paths 
generated through the random search and refinement 
process 
Curve CR FC GPD TPD TPA AStrt AStp A&P Diff. 
1 3. 0768 3. 6118 1. 8865 2. 9217 0. 5282 18 101 0 .0404 
2 3. 2818 2. 8000 2. 5018 1. 6665 0. 6599 8 54 0 .0725 
3 3. 3738 2. 7892 2. 7472 1. 3096 0. 1991 188 259 0 .1325 
4 2. 7002 3. 3017 2. 2239 3. 4412 -0. 3120 8 185 0 .0438 
5 1. 5847 3. 6657 3. 0871 1. 0736 0. 0440 12 99 0 .0489 
6 2. 5390 3. 3317 3. 3517 1. 3837 -0. 3551 1 55 0 .0678 
7 1. 8043 3. 7563 3. 0864 1. 2497 -0. 1399 7 85 0 .0491 
8 2. 0111 4 . 0014 3. 3027 1. 4625 0. 9476 50 114 0 .0854 
9 3. 3465 2. 4488 2. 1415 3. 1445 -1. 0256 1 72 0 .0260 
10 2. 8575 3. 6647 2. 0471 3. 8274 -0. 4980 4 115 0 .0307 
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CHAPTER 11. CONCLUSIONS 
This dissertation set out to develop an approach for the 
synthesis of four-bar planar function, path and motion mechanisms 
based upon the use of invariant descriptors to characterize a 
solution, to store the characteristic information in a database, 
and for use in solution comparison and matching methods. In 
addition, a methodology was developed to allow a designer to 
investigate a local design space by generating a database of 
candidate solutions based on the random development of a type of 
four-bar mechanism that met specified design constraints. 
Various methods were developed to characterize solutions to 
function, path and motion four-bar mechanisms. The methods used 
to characterize solutions addressed both closed curves, generated 
by full drive crank rotation of crank-rocker mechanisms, and 
partial curves generated by the movement of the drive crank 
through a specified angle. These methods used spatial 
transformation, Fourier transformations and invariant moments. 
Each method was implemented and was shown to have the capability 
to characterize the function, path and motion of a four-bar 
mechanism. 
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Various search methods were implemented to evaluate the 
similarity of a desired solution with candidate solutions. A 
thorough comparison of each search method was conducted. An 
application model built upon MATLAB was developed to evaluate the 
performance of the various transformations, file storage and 
search methods for function, path and mOticn generatj.cn fGuir~b5r 
mechanisms. Over 8,000 candidate solutions were generated with 
respect to spatial transformations, one-dimensional Fourier 
transformations, two-dimensional Fourier transformations, and 
invariant moments. 
Candidate solutions for function generation four-bar 
mechanisms were generated and characterized with spatial 
transforms and Fourier transforms. Search methods used to match a 
desired solution with a database of candidate solutions were: 
normalized cross correlation, absolute difference measure, sum 
squared difference measure, correlation using Fourier descriptors, 
phase only filtering in the frequency domain, symmetric phase-only 
matched filter, amplitude difference of the Fourier descriptors, 
and amplitude and phase difference of Fourier descriptors. The 
measure of similarity that had the lowest error was the absolute 
difference matching. This comparison and matching method required 
the largest file space. The use of Fourier transform required 
least amount of file space. Besides the spatial comparisons of 
solutions, the amplitude and phase difference of Fourier 
descriptors showed the best capability to match a desired function 
generation solution to a database of candidate solutions. 
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Candidate solutions for path generation four-bar mechanism 
were generated and characterized with spatial transforms, Fourier 
transforms, and invariant moments. The following comparison and 
matching techniques were developed and tested on 145 file 
solutions. 
SAD - Spatial transform, absolute difference 
SSS - Spatial transform, sum squared 
FlC - One-dimensional Fourier correlation 
FIP - One-dimensional Fourier phase only filter 
FISP - One-dimensional Fourier descriptors, symmetric phase 
only matched filer 
FIA - One-dimensional Fourier transform, amplitude 
difference of Fourier descriptors 
FlAP - One-dimensional Fourier transform, amplitude and phase 
difference of Fourier descriptors 
F2C - Two-dimensional Fourier correlation 
F2P - Two-dimensional Fourier phase only filter 
F2SP - Two-dimensional Fourier descriptors, symmetric phase 
only matched filter 
MCC - Moment normalized cross correlation 
MPD - Moment percentage difference 
Candidate solutions for motion generation four-bar mechanism 
were generated and characterized with spatial transforms and 
Fourier transforms. The measure of similarity that had the lowest 
error was the absolute difference matching. This comparison and 
matching method also required the largest file space and was high 
in processing time for matching filed solutions. The Fourier 
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transform and invariant moments required less file space. Besides 
the spatial comparisons of solutions, the amplitude and phase 
difference of Fourier descriptors showed the best capability to 
match a desired function generation solution to a database of 
candidate solutions. 
a methodology was developed using Parametric Cubic Curves and 
B-Splines to allow the generation of a desired solution. The use 
of cubic curves and B-splines allow the designer to specify any 
number of precision points for a desired solution and is not 
limited to a maximum number of precision points as graphical, 
analytical and numeric methods are. 
Based on this developed framework for the characterization, 
storage and search methods of solutions for function, path and 
motion generation four-bar mechanisms, a methodology was developed 
to randomly generate a database of candidate solutions for a 
specified "local" design space. The local design space is a 
subspace of a global domain in that the designer specifies the 
type of mechanisms and any design constraints. This random search 
methodology was shown to be effective in developing a database of 
candidate solutions and "synthesizing" mechanisms that were a 
close match to a desired solution. 
This dissertation developed a new method for the synthesis of 
mechanisms for function, path, and motion generation using 
invariant characterization, storage and search methods. The 
methodology supports the synthesis of solutions that have full 
drive crank rotation and generate closed curves or have partial 
drive crank rotation and generate partial curves. Synthesis 
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limitations that were discussed in Chapter 3 that were totally 
eliminated or reduced were: 
• Precision Points are required that define select points of the 
output path or function. With this methodology, precision 
points may "oe used or a solution may 'oe drawn and dj.<^j.t^Zcd, or 
a desired solution may generated by an equation. 
• The number of precision points is limited based upon the 
synthesis technique used. A maximum of nine precision points 
may be used for path generation and five for motion generation; 
the lower number of precision points provides more choices to 
the designer for selection of the mechanisms attributes such as 
pivot points, link lengths, and angles. With this methodology 
there is no limitation to the number of precision points. 
• An initial guess of a mechanism which is close to the desired 
solution may be required so numerical techniques may find a 
local solution; the solution may not be a global solution. This 
methodology provides a rational approach to generate initial 
guesses to search a design space based specified design 
constraints and refines candidate solutions. 
• Synthesis of mechanisms using Fourier descriptors has addressed 
the synthesis of path generation mechanisms and has not 
addressed motion or function generation mechanisms. This 
methodology has been shown to address function, path and motion 
generation mechanisms which are closed curves and partial 
curves. 
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Recommendations for Future Work 
This dissertation provides a basis for the synthesis of mechanisms 
for function, path and motion generation using invariant 
characterizations, storage and search methods. The type of 
mechanism was focused on the four-bar mechanisms for the 
generation of the function, path and/or motion. This work may be 
expanded to focus on any other types and classes of mechanism 
where the output is of interest such as geared five-bar, cams, 
spatial mechanisms, etc. 
An area of future work could focus on the development of a 
generalized massive database of candidate solutions that could be 
searched based on a desired solution. The database could be 
developed from a large cross section of mechanisms including four-
bar, spatial, geared five-bar, etc. 
This technique may be expanded to include optimization 
techniques to refine candidate curves that are generated and 
identified with the random database generation and search 
methodology. 
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APPENDIX A. FOURIER AMPLITUDE & PHASE DIFFERENCE: 
WEIGHTING SELECTION AND VARIOUS PATH TYPES 
This Appendix investigates two aspects of solution 
matching using the Fourier amplitude and phase difference measure: 
1) the selection weighting applied to the phase difference of the 
Fourier amplitude and phase difference described in equation 5.25, 
and 2) application of the technique to various trace point paths. 
The total measure of the difference between the amplitude and 
phase of the Fourier descriptors may be written: 
Fd(u) = m*A(u) + n*P(u) 
Where: 
Fd(u) = Sum of amplitude and phase difference 
n = Weighting applied to phase difference 
m = 1 - n = Weighting applied to amplitude difference 
The weightings are used to address the difference in the 
contribution that the amplitude difference and phase differences 
have to the total difference measure. The weighting applied to 
the phase difference, n, was varied from 0.0 to 0.9. Database 
solution #3 was used to search the database of 145 candidate 
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solutions and the database search ranking was compared to the 
rankings generated with an absolute difference search. The 
results are found in Table A.l. A phase weighting of 0.2-0.3 
demonstrated the best performance. 
Ten trace point paths were selected to investigate the 
performance of the amplitude and phase difference cf Fcurisr 
descriptors matching technique on various trace point path types. 
The performance was compared to the absolute difference search. 
Ten trace point paths were selected and are graphed in 
Figures A.l through A.10. The #1 ranked database solution found 
Table A.l: Fourier amplitude and phase difference ranking. 
Solutions matching absolute difference ranking. Desired 
Solution = #3 
Weighting 
Abs 
Rank Diff 0.0 0.1 
CM O
 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
#1 3 3 3 3 3 3 3 3 3 3 3 
#2 2 2 2 2 2 2 2 2 2 2 2 
#3 40 12 40 40 40 40 12 12 12 40 12 
#4 47 40 47 47 12 12 47 12 39 39 39 
#5 85 41 9 9 9 9 39 39 47 77 77 
#6 123 9 12 85 85 85 85 77 77 47 47 
#7 9 47 85 123 123 39 9 85 85 85 115 
#8 55 78 123 39 39 123 77 9 9 115 85 
#9 93 85 41 55 55 77 123 123 115 9 123 
#10 131 50 55 93 77 55 55 115 123 123 9 
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in Table A.2 was used as the desired solution to search the 
database of 145 solutions. The amplitude and phase difference of 
Fourier descriptors matching technique identified an average of 
3.7 of the top 5 solutions identified by the absolute difference 
measure, and identified an average of 7.8 of the top 10 solutions 
identified by the absclute difference nieasurs. 
Table A.2: Database Solution Ranking 
Weighting applied to Fourier amplitude and phase 
difference: n=0.3 
Ranking 
Matching 
Measure #1 #2 #3 #4 #5 #6 #7 #8 #9 #10 
Abs •iff 14 6 7 45 15 142 8 120 73 128 
Amp & Ph 14 6 7 44 52 82 120 90 15 128 
Abs Diff 28 21 16 59 22 97 53 29 135 143 
Amp & Ph 28 21 16 112 66 74 104 59 53 46 
Abs Diff 42 80 4 117 79 116 78 41 140 102 
Amp & Ph ii 80 118 4 41 117 79 116 78 102 
Abs Diff 56 94 132 18 48 10 86 11 124 101 
Amp & Ph 94 132 18 139 124 86 101 48 11 
Abs Diff 70 108 107 145 69 71 23 109 61 99 
Amp & Ph 70 108 107 69 145 71 23 61 24 99 
Abs Diff 84 122 91 54 129 121 92 46 135 8 
Amp & Ph 84 122 91 121 46 129 54 53 92 16 
Abs Diff 98 136 60 30 68 38 67 143 130 105 
Amp & Ph 98 136 130 92 54 143 135 
Abs Diff 112 74 66 104 122 35 84 142 121 8 
Amp & Ph 112 74 66 104 84 122 35 8 15 28 
Abs Diff 126 88 116 79 78 117 41 50 95 133 
Amp & Ph 126 88 50 117 79 116 78 95 133 41 
Abs Diff 140 102 64 117 118 80 79 116 126 42 
Amp & Ph 140 102 11 117 137 116 79 99 118 126 
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X Position 
Figure A.l: Database Trace Point Path #14 
X Positon 
Figure A.2: Database Trace Point Path #28 
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Figure A.3: Database Trace Point Path #42 
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Figure A.4; Database Trace Point Path #56 
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Figure A.5: Database Trace Point Path #7 0 
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Figure A.6: Database Trace Point Path #84 
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Figure A.7: Database Trace Point Path #98 
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Figure A.8: Database Trace Point Path #112 
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Figure A.9: Database Trace Point Path #126 
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Figure A.10: Database Trace Point Path #140 
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APPENDIX B. MOTION GENERATION WEIGHTING FACTORS 
This Appendix investigates weighting factors used in 
motion generation. The weighting factors are applied to the trace 
point path difference measure and the connecting rod angle measure 
when evaluating the correlation between a desired motion and the 
motion of a database candidate solutions. The overall measure of 
similarity when using the sum of absolute differences is found in 
equation 8.3. 
At = p*Ap + q*Aa 
Where: 
At = Total absolute difference measure 
Ap = Absolute difference measure of trace point path 
Aa = Absolute difference measure of connecting rod angle 
p,q = Weighting factor where p + q = 1.0 
The weightings are used to address the difference in the 
contribution that the trace point path difference and the 
connecting rod angle differences have to the total difference 
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measure. The weighting applied to the trace point path 
difference, p, was varied from 0.0 to 1.0. 
With a weighting value assignment of p = 1.0 and q = 0.0, the 
absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table S.l vith the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 4.8 times as great as compared with the trace point path 
difference when p = 1.0 and q = 0.0. Figures B.l, B.2 and B.3 
contain the graph of the absolute difference measure for the 145 
database candidate solutions, the top 5 candidate solution trace 
point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
With a weighting value assignment of p = 0.5 and q = 0.5, the 
absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table 8.2 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 2.5 times as great as compared with the trace point path 
difference when p = 0.5 and q = 0.5. Figures B.4, B.5 and B.6 
contain the graph of the absolute difference measure for the 145 
database candidate solutions, the top 5 candidate solution trace 
point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
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With a weighting value assignment of p = 0.0 and q = 1.0, the 
absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table B.3 with the total absolute 
difference measure and the contributions of the path difference 
and the angle oifference. The connectj_ng red average difference 
was 2.4 times as great as compared with the trace point path 
difference when p = 0.0 and q = 1.0. Figures B.7, B.8 and B.9 
contain the graph of the absolute difference measure for the 145 
database candidate solutions, the top 5 candidate solution trace 
point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
With a weighting value assignment of p = 0.7 and q = 0.3, the 
absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table B.4 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 2.1 times as great as compared with the trace point path 
difference when p = 0.7 and q = 0.3. Figures B.IO, B.ll and B.12 
contain the graph of the absolute difference measure for the 145 
database candidate solutions, the top 5 candidate solution trace 
point paths, and the top 5 candidate solution connecting rod 
angles respectively. A weighting value of p=0-7 and q=0.3 
provides for a similar the contribution of the path difference and 
the angle difference to the total absolute difference measure. 
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Table B.l: Absolute difference measure, path and angle difference 
contributions, p = 1.0, q = 0.0 
Desired Curve - Database Curve #3 
Database Curve Absolute Path Angle 
Number Difference Difference Difference 
3.0000 0.0000 0.0000 0.0000 
2.0000 1.9380 1.9380 12.5890 
0 rs r> r\ r\ 
HU.UUUU ^ *7 rv 1 c ^ • / w X O 2.7016 9.1930 
47.0000 3.6223 3.6223 22.2719 
85.0000 3.8841 3.8841 19.6676 
123.0000 4.1691 4.1691 18.2644 
9.0000 4.5882 4.5882 31.1370 
55.0000 4.9861 4.9861 33.8637 
93.0000 5.0443 5.0443 29.0963 
131.0000 5.1391 5.1391 27.6439 
77.0000 6.3275 6.3275 14.7138 
17.0000 6.3615 6.3615 43.1780 
115.0000 6.4063 6.4063 13.9866 
39.0000 6.6065 6.6065 14.2272 
137.0000 6.9945 6.9945 37.3210 
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Figure B.l: Graph of absolute difference of desired motion with 
145 candidate solutions, p=1.0, q=0.0 
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Figure B.2: Graph of the top 5 trace point paths identified by 
absolute difference (motion generation), p=1.0, q=0.0 
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Figure B.3: Graph of the top 5 connecting rod angles identified by 
absolute difference (motion generation), p=1.0, q=0.0 
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Table B.2: Absolute difference measure, path and angle difference 
contributions, p = 0.5, q = 0.5 
Desired Curve - Database Curve #3 
base Curve Absolute Path Angle 
Number Difference Difference Difference 
O A n A n 
 ^• \J SJ n n n 
40.0000 5.9473 2.7016 9.1930 
2.0000 7.2635 1.9380 12.5890 
11.0000 9.8431 14.6241 5.0621 
124.0000 10.1448 9.1921 11.0976 
115.0000 10.1965 6.4063 13.9866 
39.0000 10.4168 6.6065 14.2272 
86.0000 10.4821 8.8120 12.1521 
77.0000 10.5206 6.3275 14 .7138 
123.0000 11.2167 4.1691 18.2644 
85.0000 11.7759 3.8841 19.6676 
47.0000 12.9471 3.6223 22.2719 
48.0000 12. 9499 8.4646 17.4352 
1.0000 14.5249 7.0387 22.0110 
131.0000 16.3915 5.1391 27.6439 
0) 
(0 
> 
c o 
Figure B.4: Graph of absolute difference of desired motion with 
145 candidate solutions, p=0.5, q=0.5 
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Figure B.5: Graph of the top 5 trace point paths identified by 
absolute difference (motion generation), p=0.5, q=0.5 
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Figure B.6: Graph of the top 5 connecting rod angles identified by 
absolute difference (motion generation), p=0.5, q=0,5 
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Table B.3: Absolute difference measure, path and angle difference 
c o n t r i b u t i o n s .  p = 0 . 0 ,  q = 1 . 0  
Desired Curve - Database Curve #3 
Database Curve 
Number 
3.0000 
1 1 . 0 0 0 0  
HU . 
124 . 
86, 
2 ,  
115. 
39. 
77 . 
48 . 
123. 
85 . 
1. 
47 . 
1 0 .  
0000 
0000 
0000 
0000 
0000 
0000 
0000 
0000 
0000 
0000 
0000 
0000 
Absolute 
Difference 
0 
5.0621 
3.1330 
11.0976 
12.1521 
12.5890 
13.9866 
14.2272 
14.7138 
17.4352 
18.2644 
19.6676 
22.0110 
22.2719 
25.4248 
Path 
Difference 
0 
14.6241 
2 7G16 
9.1921 
8.8120 
1.9380 
6.4063 
6.6065 
6.3275 
8.4646 
4.1691 
3.8841 
7.0387 
3.6223 
8.2671 
Angle 
Difference 
0 
5.0621 
9.1930 
11.0976 
12.1521 
12.5890 
13.9866 
14.2272 
14.7138 
17.4352 
18.2644 
19.6676 
22.0110 
22.2719 
25.4248 
120 -
100 
« 3 
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140 
Figure B.7: Graph of absolute difference of desired motion with 
145 candidate solutions, p=0.0, q=1.0 
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Figure B.8: Graph of the top 5 trace point paths identified by 
absolute difference (motion generation), p=0.0, q=1.0 
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Figure B.9: Graph of the top 5 connecting rod angles identified by 
absolute difference (motion generation), p=0.0, q=1.0 
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Table B.4: Absolute difference measure, path and angle difference 
c o n t r i b u t i o n s .  p = 0 . 7 ,  q = 0 . 3  
Desired Curve - Database Curve #3 
base Curve Absolute Path Angle 
Number Difference Difference Difference 
3.0000 0.0000 0.0000 0.0000 
40.0000 4.6490 2.7016 9.1930 
R» N N c  t o n  m o n  1 o  c o o n  £. • U O U U ^ ^ W V ^ W • W W ^ W 
123.0000 8.3977 4.1691 18 .2644 
85.0000 8.6192 3.8841 19.6676 
115-0000 8.6804 6.4063 13.9866 
77.0000 8.8434 6.3275 14.7138 
39.0000 8.8927 6.6065 14 .2272 
47.0000 9.2172 3.6223 22.2719 
124.0000 9.7638 9.1921 11.0976 
86.0000 9.8140 8.8120 12.1521 
48.0000 11.1558 8.4646 17.4352 
1.0000 11.5304 7 .0387 22.0110 
11.0000 11.7555 14.6241 5.0621 
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Figure B.IO: Graph of absolute difference of desired motion with 
145 candidate solutions, p=0.7, q=0.3 
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Figure B.ll: Graph of the top 5 trace point paths identified by 
absolute difference (motion generation), p=0.7, q=0.3 
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Figure B.12: Graph of the top 5 connecting rod angles identified 
by absolute difference (motion generation), p=0.7, 
q=0.3 
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When using the amplitude and phase difference of Fourier 
descriptors the overall measure is evaluated by the equation 8.4: 
APt = PAP*A.PP + qAF*APa 
Where: 
APt = Total amplitude and phase difference measure 
APp = Amplitude and Phase difference measure of trace 
point path 
APa = Amplitude and Phase difference measure of 
connecting rod angle 
Pap/CIap = Weighting factor where Pap + qAP = 1-0 
As with the absolute difference weighting values, the values 
are used to address the difference in the contribution that the 
trace point path difference and the connecting rod angle 
differences have to the total difference measure. The weighting 
applied to the trace point path difference, PA?, was varied from 
0.0 to 1.0. 
With a weighting value assignment of Pap = 1.0 and qAP = 0.0, 
the absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table B.5 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 2.5 times as great as compared with the trace point path 
difference when Pap = 1.0 and qAp = 0.0. Figures B.13, B.14 and 
B.15 contain the graph of the absolute difference measure for the 
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145 database candidate solutions, the top 5 candidate solution 
trace point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
With a weighting value assignment of PRP = 0.5 and q^p = 0.5, 
the absolute difference measure in searching the database with a 
desired mcticn defined by database curve ^^3. The top 15 databasf? 
candidate solutions are found in Table B.6 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 1.8 times as great as compared with the trace point path 
difference when PAP = 0.5 and q^? = 0.5. Figures B.16, B.17 and 
B.18 contain the graph of the absolute difference measure for the 
145 database candidate solutions, the top 5 candidate solution 
trace point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
With a weighting value assignment of Pap = 0.0 and qA? = 1.0, 
the absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table B.7 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The connecting rod average difference 
was 1.6 times as great as compared with the trace point path 
difference when Pap = 0.0 and qAP = 1.0. Figures B.19, B.20 and 
B.21 contain the graph of the absolute difference measure for the 
145 database candidate solutions, the top 5 candidate solution 
trace point paths, and the top 5 candidate solution connecting rod 
angles respectively. 
340 
With a weighting value assignment of PA? = 0.7 and qAP = 0.3, 
the absolute difference measure in searching the database with a 
desired motion defined by database curve #3. The top 15 database 
candidate solutions are found in Table B.8 with the total absolute 
difference measure and the contributions of the path difference 
and the angle difference. The ccnnectir.g red average difference 
was 2.0 times as great as compared with the trace point path 
difference when Pa? = 0.6 and qA? = 0.4, Figures B.22, B.23 and 
B.24 contain the graph of the absolute difference measure for the 
145 database candidate solutions, the top 5 candidate solution 
trace point paths, and the top 5 candidate solution connecting rod 
angles respectively. A weighting value of Pap =0.6 and qAp =0.4 
provides for a similar the contribution of the path difference and 
the angle difference to the total absolute difference measure. 
Table B.5: Amplitude and Phase difference measure, path and angle 
difference contributions, p = 1.0, q = 0.0 
Desired Curve - Database Curve #3 
Database Curve Absolute Path Angle 
Number Difference Difference Difference 
3.0000 0.0000 0.0000 0.0000 
2.0000 0.0486 0.0486 0.1382 
40.0000 0.0909 0.0909 0.2386 
47.0000 0.1128 0.1128 0.3396 
9.0000 0.1247 0.1247 0.3204 
85.0000 0.1292 0.1292 0.3675 
39.0000 0.1386 0.1386 0.3033 
123.0000 0.1391 0.1391 0.3829 
55.0000 0.1508 0.1508 0.4292 
77.0000 0.1540 0.1540 0.3539 
93.0000 0.1588 0.1588 0.4252 
131.0000 0.1644 0.1644 0.4337 
1.0000 0.1653 0.1653 0.2531 
115.0000 0.1708 0.1708 0.3677 
17.0000 0.1782 0.1782 0.4559 
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Figure B.13; Graph of amplitude and phase difference of desired 
motion with 145 candidate solutions, p=1.0, q=0.0 
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Figure B.14: Graph of the top 5 trace point paths identified by 
amplitude and phase difference (motion generation), 
p=1.0, q=0.0 
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Figure B.15: Graph of the top 5 connecting rod angles identified 
by amplitude and phase difference (motion generation), 
p=1.0, q=0.0 
Table B.6: Amplitude and phase difference measure, path and angle 
d i f f e r e n c e  c o n t r i b u t i o n s .  p = 0 . 5 ,  q = 0 . 5  
Desired Curve - Database Curve #3 
ibase Curve Absolute Path Angle 
Number Difference Difference Difference 
3.0000 0.0000 0,0000 0.0000 
2.0000 0.0934 0.0486 0.1382 
40.0000 0.1647 0.0909 0.2386 
1.0000 0.2092 0.1653 0.2531 
39.0000 0.2209 0.1386 0.3033 
9.0000 0.2226 0.1247 0.3204 
47.0000 0.2262 0.1128 0.3396 
10.0000 0.2431 0.2119 0.2743 
85.0000 0.2483 0.1292 0.3675 
48.0000 0.2520 0.2363 0.2676 
77.0000 0.2539 0.1540 0.3539 
123.0000 0.2610 0.1391 0.3829 
11.0000 0.2640 0.3237 0.2043 
86.0000 0.2659 0.2562 0.2756 
115.0000 0.2693 0.1708 0.3677 
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Figure B.16: Graph of amplitude and phase difference of desired 
motion with 145 candidate solutions, p=0.5, q=0.5 
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Figure B.17: Graph of the top 5 trace point paths identified by 
amplitude and phase difference {motion generation), 
p=0.5, q=0.5 
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Figure B.18: Graph of the top 5 connecting rod angles identified 
by amplitude and phase difference (motion generation), 
p=0.5, q=0.5 
Table B.7: Amplitude and phase difference measure, path and angle 
difference contributions, p = 0.0, q = 1.0 
Desired Curve - Database Curve #3 
Database Curve 
Number 
3.0000 
2 . 0 0 0 0  
11 .0000  
40.0000 
1.0000 
48.0000 
1 0 . 0 0 0 0  
8 6 . 0 0 0 0  
124.0000 
39.0000 
9.0000 
47.0000 
77.0000 
85.0000 
115.0000 
Absolute 
Difference 
0 . 0 0 0 0  
0.1382 
0.2043 
0.2386 
0.2531 
0.2676 
0.2743 
0.2756 
0.2930 
0.3033 
0.3204 
0.3396 
0.3539 
0.3675 
0.3677 
Path 
Difference 
0 . 0 0 0 0  
0.0486 
0.3237 
0.0909 
0.1653 
0.2363 
0.2119 
0.2562 
0.2712 
0.1386 
0.1247 
0.1128 
0.1540 
0.1292 
0.1708 
Angle 
Difference 
0 . 0 0 0 0  
0.1382 
0.2043 
0.2386 
0.2531 
0.2676 
0.2743 
0.2756 
0.2930 
0.3033 
0.3204 
0.3396 
0.3539 
0.3675 
0.3677 
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Figure B.19: Graph of amplitude and phase difference of desired 
motion with 145 candidate solutions, p=0.0, q=1.0 
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Figure B.20: Graph of the top 5 trace point paths identified by 
amplitude and phase difference (motion generation), 
p=0.0, q=1.0 
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Figure B.21: Graph of the top 5 connecting rod angles identified 
by amplitude and phase difference (motion generation), 
p=0.0, q=l.0 
Table B.8: Amplitude and phase difference measure, path and angle 
difference contributions. p = 0.6, q = 0.4 
Desired Curve - Database Curve #3 
Database Curve 
Number 
3 .0000 
2 . 0 0 0 0  
40.0000 
1.0000 
9.0000 
47.0000 
39.0000 
85.0000 
77.0000 
123.0000 
10.0000 
48.0000 
115.0000 
55.0000 
8 6 . 0 0 0 0  
Absolute 
Difference 
0 . 0 0 0 0  
0.0845 
0.1500 
0.2004 
0.2030 
0.2035 
0.2045 
0.2245 
0.2339 
0.2366 
0.2369 
0.2489 
0.2496 
0.2621 
0.2640 
Path 
Difference 
0 . 0 0 0 0  
0.0486 
0.0909 
0.1653 
0.1247 
0.1128 
0.1386 
0.1292 
0.1540 
0.1391 
0.2119 
0.2363 
0.1708 
0.1508 
0.2562 
Angle 
Difference 
0 . 0 0 0 0  
0.1382 
0.2386 
0.2531 
0.3204 
0.3396 
0.3033 
0.3675 
0.3539 
0.3829 
0.2743 
0.2676 
0.3677 
0.4292 
0.2756 
347 
fc 0.6 
40 60 80 100 
Database Curve Number 
Figure B.22: Graph of amplitude and phase difference of desired 
motion with 145 candidate solutions, p=0.6, q=0.4 
0 
X Position 
Figure B.23: Graph of the top 5 trace point paths identified by 
amplitude and phase difference (motion generation), 
p=0.6, q=0.4 
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Figure B.24: Graph of the top 5 connecting rod angles identified 
by amplitude and phase difference (motion generation), 
p=1.0, q=0.0 
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APPENDIX C. SOLUTION GENERATION: MECHANISMS AND PATHS 
Figures C.l, C.3, C.5, C.7, C.9, C.ll, C.13, C.15, C.17 and 
C.19 are graphs of the desired trace point path and each of the 
ten candidate trace point paths synthesized by the random search 
and refinement process in Chapter 10. Figures C.2, C.4, C.6, 
C.8, C.IO, C.12, C.14, C.16, C.18, and C.20 are the synthesized 
four-bar mechanism that generates the trace point path. A summary 
of the four-bar mechanism configuration is found in Table C.l. 
Table C.l: Summary of candidate trace point paths generated 
through the random search and refinement process -
closed curves 
Curve DC CR FC GPD TPD TPA A&P Diff. 
1 1 .0000 2 .1741 2. 4344 1. 5998 2 .4160 0. 4827 0 .0319 
2 1 .0000 3 .5891 3. 4255 1. 6354 4 .0794 0. 3554 0 .0308 
3 1 .0000 2 .2816 2. 5814 1. 7054 2 .7172 0. 4808 0 .0377 
4 1 .0000 1 .9038 2. 0929 1. 6251 2 .4368 0. 4962 0 .0359 
5 1 .0000 1 .8380 1. 6752 1. 5498 2 .4936 0. 4923 0 .0325 
6 1 .0000 2 .3015 1. 6801 1. 8183 2 .5273 0. 5605 0 .0428 
7 1 .0000 3 .1259 2. 9017 1. 6391 3 .3870 0. 4192 0 .0372 
8 1 .0000 1 .5118 1. 8548 1. 6616 1 .9443 0. 5345 0 .0271 
9 1 .0000 1 .7446 2. 3512 1. 9543 2 .4541 0. 4590 0 .0707 
10 1 .0000 2 .9716 2. 6252 1. 6856 3 .2038 0. 4497 0 .0386 
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Figure C.l: Synthesized trace point path #1 and desired path 
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Figure C.2: Synthesized four-bar mechanism #1 
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Figure C.3: Synthesized trace point path #2 and desired path 
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Figure C.4: Synthesized four-bar mechanism #2 
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Figure C.5: Synthesized trace point path #3 and Desired path 
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Figure C.6: Synthesized four-bar mechanism #3 
353 
X Position 
Figure C.7: Synthesized trace point path #4 and desired path 
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Figure C.8: Synthesized four-bar mechanism #4 
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Figure C.9: Synthesized trace point path #5 and desired path 
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Figure C.IO: Synthesized four-bar mechanism #5 
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Figure C.ll: Synthesized trace point path #6 and desired path 
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Figure C.12: Synthesized four-bar mechanism #6 
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Figure C.13: Synthesized trace point path #7 and desired path 
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Figure C.14: Synthesized four-bar mechanism #7 
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Figure C.15: Synthesized trace point path #8 and desired path 
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Figure C.16: Synthesized four-bar mechanism #8 
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Figure C.17: Synthesized trace point path #9 and desired path 
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Figure C.18: Synthesized four-bar mechanism #9 
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Figure C.19: Synthesized trace point path #10 and desired path 
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Figure C.20: Synthesized four-bar mechanism #10 
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Figures C.21, C.23, C.25, C.27, C.29, C.31, C.33, C.35, C.37 
and C.39 are graphs of the desired partial trace point path and 
each of the ten candidate trace point paths synthesized by the 
ranaom search and refinement process in Chapter IG. Figures 
C.22, C.24, C.26, C.28, C.30, C.32, C.34, C.36, C,38, and C.40 are 
the synthesized four-bar mechanism that generates the partial 
trace point path. A summary of the four-bar mechanism 
configuration is found in Table C.2. 
Table C.2: Summary of candidate partial trace point paths 
generated through the random search process - partial 
curves 
Curve CR FC GPD TPD TPA AStrt AStp A&P Diff. 
11 3 .0768 3. 6118 1. 8865 2. 9217 0. 5282 18 101 0. 0404 
12 3 .2818 2. 8000 2. 5018 1. 6665 0. 6599 8 54 0. 0725 
13 3 .3738 2. 7892 2. 7472 1. 3096 0. 1991 188 259 0. 1325 
14 2 .7002 3. 3017 2. 2239 3. 4412 -0. 3120 8 185 0. 0438 
15 1 .5847 3. 6657 3. 0871 1. 0736 0. 0440 12 99 0. 0489 
16 2 .5390 3. 3317 3. 3517 1. 3837 -0. 3551 1 55 0. 0678 
17 1 .8043 3. 7563 3. 0864 1. 2497 -0. 1399 7 85 0. 0491 
18 2 .0111 4. 0014 3. 3027 1. 4625 0. 9476 50 114 0. 0854 
19 3 .3465 2. 4488 2. 1415 3. 1445 -1. 0256 1 72 0. 0260 
20 2 .8575 3. 6647 2. 0471 3. 8274 -0. 4980 4 115 0. 0307 
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Figure C.21: Synthesized partial path #11 and desired path 
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Figure C.22: Synthesized four-bar mechanism #11 
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Figure C.23: Synthesized partial path #12 and desired path 
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Figure C.24: Synthesized four-bar mechanism #12 
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Figure C.25: Synthesized partial path #13 and desired path 
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Figure C.26: Synthesized four-bar mechanism #13 
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Figure C.27: Synthesized partial path #14 and desired path 
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Figure C.28: Synthesized four-bar mechanism #14 
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Figure C.29: Synthesized partial path #15 and Desired path 
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Figure C.30: Synthesized four-bar mechanism #15 
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Figure C.31: Synthesized partial path #16 and desired path 
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Figure C.32: Synthesized four-bar mechanism #16 
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Figure C.33: Synthesized partial path #17 and desired path 
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Figure C.34: Synthesized four-bar mechanism #17 
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Figure C.35; Synthesized partial path #18 and desired path 
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Figure C.36: Synthesized four-bar mechanism #18 
369 
0.8 
0.6 
0.4 
0.2 
<0 
o Q. 
> 
-0.2 
-0.4 
-0.6 
-0.8 
0.5 -0.5 
X Position 
Figure C.37: Synthesized partial path #19 and desired path 
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Figure C.38: Synthesized four-bar mechanism #19 
370 
0.8 
0.6 
0.4 
0.2 
(0 
o Q. 
> 
-0.2 
-0.4 
-0.6 
-0.8 
0.5 -0.5 
X Position 
Figure C.39: Synthesized partial path #20 and Desired path 
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